EMANAAHMNTIKA ©OEMATA
KEDAAAIO 3o0: AIAOOPIKOZ AOIZMOZ

OEMA A
Aoknon 1

Na dei€ete ot av pua ouvaptnon f eivat mapaywyioipun o€ éva onpeio X, , TOTE
€lvat Kat cuvexng oto onpeio auto.
Auon

Ma X # X, €EXoupe f(X)— f (Xo)=

XILrPO[f (x)-f (&)]=1L%{M(X—Xo)}

= IimMIim (x=%,)=f'(%)0=0,

X=Xy X — XO X=X

apol n f eival mapaywyioun oto X, . Emopévwe, lim f(x)= f(x,), nAadn n f
X—Xg

elval CUVEXNG OTO X, .




Aoknon 2

‘Eotw pua ouvaptnon f opilopévn o €va didotnua A. Av

e f ouvexngoto A kat

e f'(x)=0 ot kdBe eowTePIKS onpeio x Tou A, tote n f eival otabepn oto
A.

Auon
Apkei va amodei€oupe 6Tt yia omroladnmote X, X, € AtoxUet f(x )= f(x,).

Mpaypatt

o AV X =X,, 10t€ Mpoavwg f(x )= f(x,).
e Av X <X, TOTE oT0 didoTnpa [X, X, | n f kavomolei Tig MpoiimoBécelg Tou

Bswprpatog péong TipAG. Emopévag umdpxel & e (X, X, ) TETOl0, WOTE

(1)

Emeldn to & eival ecwtepiko onpeio tou A, 1oxUel f’(f) =0, omdte, AOyw
g (1), eivat

Fx)=1(x)-
e Av X >X,, 10T opoiwg amodeikvietat ott f (x )= f(x,).

Y€ OAeG TIG MEPIMTROELG Aotmmov eivat f (x, )= f(x,).



Aoknon 3

i. 'Eotw pia ouvaptnon f n omoia eivat ouvexrig og éva idotnpa A. Av f'(x)>0
o€ KABe eowTePIKO onpeio Tou A, tote va Ocifete ot n f elvat yvnoiwg
aufouca oto A

ii. Mote n eubeia y=AX+ f Aéyetal acUPTITWTN TNG YPAPIKAG mapdotaong tng f
OTO +00;

Auon

i. 'Eotw X,X, €A HE X <X,. Oa Oeioupe 611 f(x)< f(X,).
Mpaypatt, oto Sldotnua [x1 x2] n f kavomotel T11¢ mpolimoBoelg tou ©.M.T.

Emopévwg umdpxel & €(x,,X, ) TéTolo,

, OTIOTE £XOUUE

wote (&)= f(X)z(z):)‘;(&)

f(Xz)_f(Xl): f’(ét)(xz_xl)'
Emedn f'(&)>0 kat x,—x, >0, éxoupe f(x,)—f(x)>0,

omote f(x)<f(x,)-

ii. Heubela y=AX+ F Aéyetal acUPTTwTn TG YPAPIKAG mapdotaong tng f oto
+00, AV

lim [ f(x)—(4x+)]=0.

X—>+00



Aoknon 4

i. 'Eotw Ouo cuvaptioel f,g oplopéveg o Eva Oldotnua A. Av
e ol f,g eival cuvexeig oto A

o f'(Xx)=9'(x) yia kdbe ecwTEPIKO ONpEio Tou A TOTE va SeigeTe OTI

UTTApXEL 0TABepd € TETOLA, WOTE Yld KABs X € A va LoXUEL

ii. Mowa n YEWPETPIKN £pUNVEia TOU BEWPNPATOG PEONG TIUAG;

Auon
i. Houvaptnon f —g eival cuvexng oto A Kat yla Kabe ecwTePIKO onpeio

X € A 1oxUEgl

(f-9) (x)=1'(x)-9'(x)=0
Emopévwg oup@wva pe yvwoto Bswpnpa, n cuvaptnon f —g eivat otabepn
oto A. Apa umdpxel otabepd ¢ TETOLA, WOTE YId KABE X € A va LoXUEL
f(x)-g(x)=c, omote f(x)=g(x)+c.
ii. Tewpetpikda to ©.M.T. yia pia ouvaptnon f oto Sidotnpa [«, B], onpaivet
OTL UTIApXEL TOUAAXIoTOV €va & € (a, ﬂ) TETOLO, WOTE N EQATITOHEVN TNG
YPA@IKAG Tapaotaong tng f oto onpeio M (f, f (5)) va eivat mapdAAnAn

g eubtiag mou Siépxetat and ta onpsia A(a, f (B)) ka B(B, f(B)).



Aoknon 5

i. 'Eotw pia cuvaptnon f oplopévn og éva didotnpa A kat X, éva EcwTEPIKO

onueio Tou A.

Av n cuvaptnon mapouctdlel TOMKO aKpOTATo OTo X, KAl ivat

Tapaywyiolyn oto onpeio auto, tote va deifete OTL f’(xo) =0.
ii. Mote pa ouvaptnon eivat mapaywyictyn o€ Eva onyeio X, tou mediou
opLopOoU TNG;
Auon
i. AgumobBéooupe 6tLn f mapouctdlel 6to X, TOMKO PEYLOTO.

Emeldn to X, €ival ecwtepiko onpeio tou A katn f mapoucialel o’ autd
TOTKO PEYLOTO, UTIAPXEL éva O >0 T€Tolo, WOoTE (x0 -0, %, +5) C A Kat

f(X)< (X)), Yiakdde xe(x,—8,% +3) (1)
Emeldn, emmAéov, n f eival mapaywyiowpn oto X,, 1oxUel

(o) = lim )= F08) _ iy 1)=706)

X=Xy~ X — X0 X=Xy X — X0

Emopévwg,

f
e av xe(X —8,% ), 161e Adyw g (1), Ba eivat —————=>0,
X

omdte Ba £xoupe lim L(XO) >0 )
X=Xy~ X— X0
f(x)-f
o av xe(Xy, X +5), 1ote Adyw TG (1), 6a givat wﬁ 0,
A
omote Ba €xoupe lim M <0 3)
X=Xy~ X—X

Etol amd Tig (2) kau (3) éxoupe f'(x,)=0.

H amddelén yia to tomko eAdxioto sival avaioyn.



ii. Mwaouvaptnon f Aépe ot eival mapaywyioipn o€ éva onpeio X, tou mediou
oplopoU NG, av UTTAPXEL TO

lim
X=Xy X—= XO

Kal elval mpaypatikog aptopoc.



Aoknon 6

Auon

‘Eotw n ouvdpmon f (x)=ovvx. Na amodei€ete 6tin f eival

mapaywyiown oto R pe f'(x)=-nux

. Mowa n yewpetpikn eppnveia tou Bewpnpatog Rolle;

Mpaypartt, ya kabs X e R kat h =0 woxvet:

f(x+h)—f(x) ovv(x+h)-ovv(x) _ ovvx-ovvh—nux-nuh—cvvx

h h h B

ovvh-1 nuh
— X ,
Ty

oLvVvX

omoTte

jim )= (9 :|im(auvx-—"‘”hh‘1j—|im(nux-’7ihr‘j=

h—0 h h—0 h—0

ovvX-0—nux-1=-nux.

AnAadn (GUVX), =—1UX.

. Fewpetpika to Bewpnpa Rolle yia tn cuvaptnon f oto didotnpa [a,ﬂ]

onpaivel 0Tt UTAPXeL TOUAAXIOTOV éva & e (a, ,B) TETOLO, WOTE N EPATITOHEVN

g C, oto M (5, f (5)) va givat mTapdAAnAn otov dfova Twv X .



Aoknon 7

‘Eotw n ouvdpmon f(x)=x",veN-{0,1}.

Na amodeiéete ott n f eival mapaywyiown cto R Kkat ot 1oxUel

fr(x)=vx".

Mote pua cuvaptnon n omoia €ivat cuvexng o€ éva dlactnua A Kat
TapaywyiolUn ota ecwTePIKA onpeia Tou A, Aéyetal KUpTH OTOA ;

Mpaypat, av X, eivat Eva onpeio tou R, 1ot yia X # X, 1oXUEL:

f(X)— F(%) _ X" — X" _
X=X, = X=X,

v-1 v-2 v-1
(x—xo)(x + XX+ X )

=X T XTI X

X—X,
omoTE

o F(x)=f(x
Ilm—( )= f06)
X=>Xg X—X0

H v-1 v-2 v-1\ _ v-1 v-1 v-1l _ v-1
Ilm(x + XXy e X )_xo X X T =X,

X—>Xp

Snhadii (X" ) =Xt

H ouvaptnon f Aéyetal kupth otoA, av n f'eival yvneiwg at€ouca oto

ECOWTEPLKO TOU A.



Aoknon 8

Na amodei€ete ot n ouvapmon f(x)=In|x, xeR" eivat mapaywyion oto R’
1

kat oxvet f'(x)= "

Auon

Av x>0, tote (In|x|)' =(In x)' :%, evi av x<0, téte In|x|=In(-x), omdte av

Béooupe y =In(—x) kat u=-x, éxoupe y=Inu. Emopévawg,

' o1 ' 1 1
Yy :(InU) :EU :_—X'(—l):;

Kal apa (In|x|)’ :%.



Aoknon 9

‘Eotw pa cuvdptnon f mapaywyiown og éva didotnua (a, B), ue e€aipeon iowg

éva onpeio Xx,, oto omoio dpwg n f eival cuvexng.

Av f'(x)>0 oto (a,%,) kat f'(x)<0ct0 (X, B), 161 va Seitete 6Tt T0 f (X,)

glval Tomko péyloto tng f .

Aton
Emeidn f'(x)>0 yiakdBe xe(a,%,) kain f eivat ouvexig oto Xy,
n f eival yvnoiwg aigousa oto (a, X, ] . ‘Etot éxoupe

f(x)< f(x) yakdBe xe(a,x,] (1)
Emeidn f'(x) <0 yiakdBe x e(x,, ) kain f eivat ouvexig oto Xy,
n f eival yvnoiwg @bivouca oto [Xo,ﬂ). ‘Etol éxoupe

f(x)< f(%) yakdbe xe[x,,3) (2)
Emopévwg Aoyw twv (1) kat (2), 1oxUel

f(x)< f(x) yakdbe xe(a,j),

mou onpaivel 6tL to f (xo) givat péytoto tng f oto (a,ﬂ) Kal dpa TOTKO PEYLOTO
auTAC.
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Aoknon 10

Auon

Na Sei€ete 6T n ouvaptnon f(x)=x" pe @ € R—Z eival mapaywyion

oto (0,+) kat toxVet: f'(x)=a-x".

Aivetat ouvaptnon f pe medio opiopol A . Na OwoETE ToV 0pIoHo Tou

TomKoU peyiotou yla tnyv f .

alnx

MNpdyparty, av y=Xx* =e“"* kat Bécoupe U =alInx, 1ot y=¢€". EMopévwg,

r_ u'_u 1 _ qalnx 1_0: 1_ a-1
y=(e") =e'u'=eMa==x"a==ax"".

Mwa ocuvaptnon f , pe medio opiopol A, Ba Aépe otL mapouctalel 6To

X, € A TOTKO péyloto, otav umdpxel ¢ >0, Tétolo wote
f(x)< f(x) vakdde xe AN(X,—35,% +35).

To X, Aéyetal B¢on 1j onpeio TomKoU péylotou, evw To f (X,) Tomkoé

HEYLOTO.
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Aoknon 11

Na ei€ete 611 n ouvaptnon f(x)=ca*,a >0 cival mapaywyiown oto R kat
LOXUEL:

f'(x)=a"Ina.

Auon

xIne

Mpdypat, av y=a* =e""* kat Bécoupe U= XIna , 1ote Yy =¢". EMopévwg,

!
’

y'=(e") =e*u' =e""Ina=a"Ina.

12



Aoknon 12

‘Eotw pia ouvdptnon f n omoia eivat mapaywyiown os éva diaotnua (a, B) e
e§aipeon iowg €va onpeio Tou X, , oTo omoio 6pwg givatl cuvexng. Avn f'(x) >0 yua
KABe X € (a,X,) U (X, B), TOte va Sei€ete 6T T0 f (X)) Gev eival TomMKO akpéTaTo

katn f eivat yvnoiwg avgouca oto («, B) .

Auon

"EXoupe OTL
f'(x)>0, yia ke xe(a,X,) U (X, B)-

Emedin f eivai ouvexng oto X, Ba eival yvnoiwg at§ouca oe kdbe £va amod ta
Slacthpata (&, X, | Kat [X,, 8). EMOPEVWG, yia X, < X, < X, LOXUEL
f(x)<f(x)<f(x).Apato f(x,) dev eival Tomké akpétaro g f . Ga
Oci€oupe twpa, ot n f eival yvnoiwg at€ouca oto (a,,B). Mpaypatt, €0tw

X, X%, €(a, B) ve X <X,.

o av X, X e(a, %], emadnn f eival yvnoiwg aiousa oto (o, X, ], Ba 1oxvel
f(x)<f(x)-

o av X,X, €[X,, /), emedin f eival yvnoiwg aiouca oto[x,, ), 6a 1oxuel
f(x)<f(x)-

o TENogav X, <X, <X,, T0Te Omwg gidape f (x )< f(x,)< f(X,).

Emopévwg og OAEC TIG TEPITITWOELG loxUeL f (xl) < f (xz) ,omote n f eivat yvnoiwg

augouca oto (a, ).
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Aoknon 13

Na amodeiete 6t n cuvdptnon f (x)=nux eival mapaywyiown R kat oxvel

f'(x)=ovvx.

Auon

Nakdade xe R kat h =0 oxvet

f(x+h)—f(x) _ nu (X +h)—nux _ nuxovvh+ovvxnuh—nux _

h h h
h-1
nﬂx.m_i_ JUVX-ULh,
h h
Emeion
im0 1 im @2 g
h—-0 h h—0
EXOUNE

lim f (x+h)—f(x)

=nux-0+ovvxl=ocvvxX

AnAaodn (n,ux)' = oLVX



Aoknon 14

Na amodei€ete 6Tt n av ot cuvaptnoelg f,g eival mapaywyicpeg oto X, , TOTE Kat n

ouvaptnon f + g eival mapaywyioiyn oto X, Kat loXUEL:

(f+9) (%)= 1"(%)+g'(%)-

Auon

Ma X # X,, OXUEL:

(F+9)(x)=(F+9)(%) _ F(x)+9(x)=F(%)-9(%) _

Eme1dn ot ouvaptnoelg f,g eival mapaywyiolpeg oTo X, , EXOUUE:

o (+0)(0-(1+0)(x) _

X—=>Xp X

o

jim =1 00) L 9002906) _ 1y )
X—>Xg X=X, X—>Xg X=X,
onAadn
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Aoknon 15

i. Na anodeiete 6T n ouvdpton f(x)=~/X eivat mapaywyioyn oto (0,+x)

. 1
Kat .oxvel f'(x)=——=.

24/x

ii. Na amodei€ete 6T n ouvaptnon f(x)=epx, xeR, ={xeR/ovvx =0},

1
-
ovVX

eivat mapaywyiown oto R, kat woxver f'(x)=

Auon
i. Mpaypat, av X, €ival Eva onpeio tou (O,+oo), TOTE Yl X # X, lOXUEL:
FO0= 1) _ VX% _ (VX=X +4%)
X=X, X=X (x=x) (WX +%)
X=X, B 1
X=X)WX+x)  x+x
omote
) -f(x) . 1 1
lim 0% — lim = ,
X—>Xg X_Xo X—>X%g X+\/X70 2\/%
SnAasr (VX) = .
24/x
ii. Mpaypaty, ya kabe X € R, éxoupe:
(epx) _( KX j _ (mux) ovvx=nux(ovvX) _ guvxouvX+ puxmuX _
¢ ovVvX GUVZX O'UVZX
oovix+nuix 1
ovvx ouvix

16



OEMA B
Aoknon 1

X—2

Aivetat n ouvdptnon f(x)=e"?+x-3.

1. Na peAetnoete tnv f wg mpog tn povotovia.

2. Na Bpeite 11g pileg tng e€iowong f(x) =0 kat to cuvolo Tpwy tng f.

Auon

i. To medio opiopol tng feivat to R . MNapaywyiloupe Tn cuvdaptnon Kat
EXOUNE:

f'(x)=e?+1>0, yiakabe xeR,

omdte n f gival yvnoiwg avfouca og 6Ao 10 R..

ii. Mia mpogavng pifa tng ocuvdaptnong sivat 1o X =2 kat emedn n f ival
yvnolwg au€ouoca autni n pia givat povadiki. MNa 1o 6UVOAO TIHWY
umoAoyifoupe ta mapakdtw opla:

lim f(x)=lim (ex‘2+x—3)=—oo ,

X——00 X—>—0

agou lim e*? =0, lim (x-3)=—-w kat

X—>—0 X—>—0

lim £ (x)=lim (€"% +x-3) =+ ,

X—>+00 X—>+00

apol lim e = +oo, lim (x—3)=+o.

X—>+00 X—>+00

Kat emeidn n f eivat yvnoiwg av€ouca og 6Ao 10 R, 10 clvoAo tipwy tng f
givat6ho 10 R.
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Aoknon 2

Aivetat n ouvaptnon f (x)=4x>+2(A-1)x—-A. Na amodei€ete OTI UTApPXEL

TouAdxioTov pa pida tng e&iowong f(x) =0 oto didotnua (0,1).

AUon

Oewpoupe T cuvdptnon
F(x)=x"+(1-1)x*-Ax,

n omolia gival cuvexng kat mapaywyiolyn oto R wg moAuwvupikn. EMmAEoV 10XUEL
F(0)=F(1)=0,

EMOUEVWC LoXUOUV ol TIpoUToBEoelg Tou Bewprpatog Rolle yuaa tnv f, apoun f:
e eivat ouvexiig oto [0,1]

e eival mapaywyioipn oto (0,1)

kat F(0)=F(1),

dpa umapxel TouAdxiotov éva & e(0,1) Tétolo, wote F'(&)=0. Opwg

f(&)=F'(£)=0, omdte amodeixtnke To {ntolpevo.
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Aoknon 3

Aivetat n ouvaptnon f (x)= In(xz).

iv.

Na Bpeite to medio oplopol Kat tnv mapaywyo tng f .

. Na Bpeite ta onpeia tng C,; ota omoia n QaAmtopevn SIEPXETAL ATO TNV

apxn Twv afévwy.

Na tn peAetioste tnv f wg mpog tn povotovia, ta akpotata Kat va Bpeite
TO GUVOAO TIHWV TNG.

Na Bpeite TIg acUPTTWTEG TNG YPAPIKAG Tapdctaong tng f .

Mpémet x> >0< x =0 , dpa to medio oplopou eivat to R”. Eivat

f(x)= In(xz): In(|x|2):2In|x|

omoTte

f’(x)=(2|n|x|)' :2%.

‘Eotw A(xo, 2In|x0|) T0 onpeio emagng tng epantopévng g C, . H e€iowon

TNG EQPATTOPEVNG ivat:

y—2|n|x0|:X£(x—x0) (1)

0

Kal yla va SIEpXeTal amo tnv apxn Twv afovwy TMPETEL Ol CUVTETAYHEVEG TOU
0(0,0) va emaAnBelouy tnv (1), omdte n (1) yiverat:

—2In|x0|=X£(—x0)<:> In|x,|=1=Ine< x,=+e , ka f(x)=2Ine=2
0

dpa ta onpeia g C, eivat ta A(e,2) kat B(-e,2)

H cuvaptnon f opiletat oto R™ =(—o0,0) (0, +0) Kat gival cuvexig.

. ey 1 ., ,
Emeidry f'(x)=2=, éxoupe oti:
X
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f'(x)<0 ya xe(—»,0) , ométe n f eivat yvnoiwg @bivousa oto (—w,0)
Kal

f'(x)>0 ywa xe(0,+x) , ométe n f eivat yvnoiwg aiouca oto (0,+x).
Emiong éxoupe ot

X—>+0

lim f(x) = lim f(x) =400 kau lim f(x)= lim f(x) = —o0.
X—>—00 x—0" x—0"

Amé ta mponyoUpeva émetal 6Tl yia X € (—o,0), T0 6Uvoho TiHwY givat To
(—oo,+oo) KAl yla X e (O,+oo) , TO 6UVOAO TIPWYV gival To (—oo,+oo) . Apa 10
ouvoAo Tipwv g f eivatto R.

Emiongn f Oev éxel akpdtata, agou eival yvnoiwg av§ouca o€ dUO avolxtd
dlaotnparta.

. Amo ta opua lim f(x) = lim f(x) =—o , émetat 61 n C, €xelL KATAKOPUPN
X—0" x—0"

aovupmtwtn tv €ubeia X =0 , dnAadn tov afova y’y.

MAdyla acUpmtwtn Oev €XEL, agou

OHWG
lim [ f(x)=0-x]= lim 2Inx = +oo.

X—>+00

Opoiwg Kat oto —oo.
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Aoknon 4

, , 4
Aivetat n ouvaptnon f(x)=—,x=0.
X

Na Bpeite v e€icwon g eparmtopévng tg C, oto anpeio M (X, f (X))

HE X, # 0.

. Na d¢eifete 6Tl TO TPiyWVO TO OTMOi0 OXNUATICEL N TTPONYOUHEVN EQPATITOHEVN

HE TOUg aEoveg €xel oTabepod epBado.

iii. Av A Kal B ta onpeia mou n e@antopévn oto M TEpvEL Toug afoveg, va deifete

OTL To M €ival to péco tou Tpnpatog AB.

. , 4 , , ,
loxvet: f'(x)=—— , omote n e&iowon g epamtopévng g C, oto
X

, 4 4
M (%, T (%)) givat y——=——>(x=%,) (1)
XO XO

. ©a Bpoupe og mola onpeia TEPVEL N £QATTOUEVN TOUG AEoVEG:

yia x=0 n (1) yivetat y—i:—iz(—xo)c y:E
XO XO XO
. 4
katyla y=0 n (1) vivetal —— = ——(X =X, ) < X = 2X, .
XO XO

Apa n (1) tépvel Toug Afoveg ota onpeia A[O,ij kat B(2x,,0).

XO
To epBadod tou opboywviou tptywvou OAB ooUTal Pe
118

1
OAB)=—OA}OB)=—=|—||2X%,|=8 t.[,
( ) 2( )(0B) 2X0|X0| T.H

apa sivat otabepa.

iii. To p€oo tou euBUYpPAPHOU TUNHATOC AB £XEL CUVTETAYHEVEG:

8
2x+07+0 4
0 2 onAadn | X,,—

5 5 n n(o

0

j, apa eivat To onyeio M.
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Aoknon 5

Na Bpeite tn 0UTEPN TAPAYWYO TN GUVAPTNONG

4
f(x)={x5 +5x,x20.
nux, Xx<0

Auon

H mpwtn mapdywyog ota avoixtd dlactApata givat:

(x) = 4x*+5,x>0
5ocvvX,x<0

Oa e€stdooupe av ival mapaywyiolpn oto X =0 pE TOV 0PLGHO TNG TAPAYWYOU:

— 4 —
fim S ()= F(0) _,  x*+5x O:Iim(x3+5):5
x—0" X — x—0 X x—0
IimM:IimM:&
x—0" Xx=0 x—0 X

Apan f eival mapaywyiown oto x=0 kat f'(0)=5.

H deUtepn mapaywyog ota avolxtd dlacthpata sivat:

2
f,,()():{_152x ,X>0
X, X <0

2to X=0 éxoupe:

' _f 3 _
jim ()= F(0) _ im 2O jim(4x¢) =0,
x—0" Xx—0 x—0 X x—0
jim L ()= F(0) _ i Sovvx=5_ g ovvx-1_
x—0" X—0 x—0 X x—0 X

Apa f"(0)=0, omdte €xoupe:

2
f,,(x):{ 12x2,x>0
—5nux,x<0
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Aoknon 6

Aivetat n ouvaptnon f (x)=x*—3x+1. Na Bpeite av umdpxouv onpeia tng

YPAWIKAG TTapaotaong tng f ota omoia n spantopévn:

Auon

loxUel

va eival mapdAAnAn otny €ubeia y =X .

. va oxnpatilet ywvia 135  pe tov afova x’x.

va eivat mapdAAnAn otov afova x’x.

, , , 1
. va ivat kabetn otnyv gubela y = Ex.

f'(x):(x2 —3x+1)' =2x-3.

H euBeia y = X éxel ouvieAeotn OlelBuvong 1, apa mpETEL
f'(x)=1<2x-3=1<x=2 ka f(2)=-1, dpa umdpxel éva onpeio, T0

A(2,—1) OTO OTT0{0 N £QATITOPEVN VA €ival TApAAANAN otnyv €ubeia y =X .

. Emedn epl35 =-1, mpémet f'(x)=-1< 2x-3=-1< x=1. Emiong

f(1)=-1, dpa umdpxel éva onpeio, To B(1,—1) oto omoio n epamtopévn
va oxnuatidel ywvia 135  pe tov dova x’x.

Mpémet f’(x):0<:>2x—3:0<:>x:g Kat f(gj=—% , Gpa umdpxel éva

, 3 5 , . , ,
onpeio, 10 T > OTO OTI0l0 N EPATITOHEVN VA gival TapdAANAn ctov

afova X'X.

. . . , 1 , .
. Eme1dn o ouvteAeotig dielBuvong sival 5 TIPETEL O GUVTEAEOTAG

OlelBbuvong TNG EQATTONEVNG Va ivat —2 , oTmoTE

f'(x)=—2e2x-3="2< x:% kat f (%):—% , apa umdpxel éva
, 1 1 , , , , ,
onueio, T0 A 5+ | OO omoio N eqartopévn eiva KABeTn oTnV £uBtia

y="x
X
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Aoknon 7

Na mapaywyioste TIg MTApAKATW GUVAPTNOELS

Auon

X™ x>0

2x-|nx’ X > O

\5x8 +1

npX _ , ,
XX = (e'“x) =" ondre Bétovtag

u=Inxnux éxoupe
!

(0 = () -

. ' X
' u" =e™" (Inx-nux) = x" -(ﬂﬂn x-auvxj.
X

‘Eotw U=X-InX , omote

(2*'“*)' = (2" )' =2"In2-u'=2"""1n2-(x-Inx) =2*"-In2-(Inx+1).

' ’ 8 !
‘Eotw u=5x%+1, omote (\/5x8+1) :(\/U) 1 (5X +l) 20X’

= U_ =
2Ju 25xE+1 B +1
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Aoknon 8

Av ywa t ouvaptnon f oxost:

—2x+1< f(x)<x*-2x+1 yiakdBe xeR, (1)
101€
i. vadei€ete oun f eivat ouvexng oto x=0
ii. va oeigete onun f eival mapaywyiown oto x =0 kat woxtel f'(0)=-2.
Auon

i. TNa x=0 n (1) vivetat 1< f (0)<1, dpa f (0)=1. Emiong

Iing(—Zx +1) = Iing(x4 —2X +l) =1, omTE CUPPWVA PE TO KPLTAPLO

mapepBOANC Oa sivat Kat Iirg f(x)=1.

Emopévweg n f eivat ouvexig oto x =0, agou lim f (x)= f (0)=1.

x—0
ii. Hoxéon (1) yivetau:

—2x+1-1< f (x)- f (0)<x*—2x+1-1e -2x< f (x)— f (0) < x* —2x,
omotTe OlaKPivoule OUO TIEPLTTTWOELG:

e av X>0, tote

_ 4_ —
—2X<f(x) f(0)<X 2X©—2£MSX3—2KGlEH£l6ﬁ

X  x-0 X x—0
Iirgl (-2)= IH(T)] (x —2) =2, émeTal amod TO KPLTAPLO TApPEPBOANG 6Tt
lim 1 X)=FO) _
x—0* X—0

e av x<0, tote

_ 4 —
_2X>f(x) f(0)>X 2X©—22M2X3—2K0l£ﬂ£l6ﬁ

X  x-0 X x—0

Iirp( 2)= |Ir(T)1 (x —2)——2, émeTal amo To KPLTAPLO TAPEPBOANRC OTL
jim )= O

x—0~ Xx—0

Amo ta duo mponyoupeva mipokuTtel otL n f eival mapaywyion oto x=0
kat f'(0)=-2.
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Aoknon 9

‘Eotw f:R— (0,+oo) pla ouvdaptnon n otmoia gival mapaywyiotpyn oto X, >0. Na

UTTOAOYICETE Ta Opla:

«/f(x - (%)
%XO XO
ii. lim 00 - (%)

N N

X

Auon

Apoun f eival mapaywyioiyn oto X, , loxUeL f’(xo): lim
X=X X—X,

70— T6) (Jf(x))z (VFoo))
HXo X? =Xy on(x Xo ) (X+ X, (\/W+Jf(x )

im 00— F0) 1 f'(X)

X% X=X, X% x+x (,/f(x )+ T (%) ) 4'Xo'\/f(xo)-

(ApoU n f eival mapaywyiopn, dpa kat GUVEXAG OTO X, , OTIOTE

tim 70x) = [T (g
(x) (%)

ii. lim =

X—>Xo \/;_\/g

(Apou n f eival ouvexig oto X,, omote lim f (x)=f (x,) kat

X—>Xo
lim £%(x)=f2(x,))

X—>%g



Aoknon 10

OswpoUpe 0pBOYWVIO, TOu omoiou N pia kopuen eivat To onpgio O(0,0), duo

TAEUPEG Bpiokovtal mavw otoug BeTIkoUg nuiagoveg Ox Kat Oy Kat n Tétaptn

. . . . 1
Kopu@n KIveltat mavw otnv eubela y= _ZX +2.

Na Bpeite T1¢ SlaoTACELG TOU @, f WOTE va €XEL PEYLOTO €UBAdO.

Auon
To epBado tou opBoywviou tooutal pe E =a-f, 6mou «, f Betikoi mpaypatikoi. H

TETaptn Kopu@n (BAéme oxnpa) eivain A(a, B),

, . , , 1 , . 1
n omoia avikel otnv ubeia pe e€icwon Yy = _Z X+2, omote oxveL [ = —Za +2.

"Etol to pBadd tou opBoywviou yivetal

E(a)= a-(—%a + 2) = —%az +2:a pe a €(0,8), apou and v avisétnta £ >0

EXOUpE
1
—Za+2>0<:>a<8.
Napaywyifovtag T cuvdptnon tou epBadol maipvoupe:
’ 1 2 ’ 1 I '
E(a): _Za +2a =_Ea+2,0“0TEE((Z)=0<:}>a:4 Kal

E'(a)>0<:>—%a+2>0<:>a<4.
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Amé ta mponyoUpEeva TPOKUTITEL O TTAPAKATW TVAKAG:

CL

0

4

E(a)

+¢-

E(a)

TN

Apa n cuvdptnon tou EpBadou eival yvnoiwg alfouca oto dlactnpa (0,4] , Yvnolwg

@bivouoa oto [4,8) Kal elval ouvexng oto 4, apa mapouctdlel OAIKO PEYLOTO Yid

a =4.0mote ﬁ:—%4+2:1.
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Aoknon 11

Aivetat ouvapton f :R — R n omoia eivat ouvexig oto X, =0, yia tyv omoia

LOXUEL

|imM:

x—0 X

2.

Na dei€ete 6t n f eival mapaywyioipyn oto x, =0 kat f’(O) =2.

Auon

Apxikd 8a Sei€oupe 6Tl f (0)=5.

f(x)-5
X

O¢toupe g(X)= , be x=0, omote limg(x)=2.

x—0

Alvoupe emiong wg mpog f (X) kai éxoupe:
f(x)=xg(x)+5, onote lim f (x)= Lm[x-g(x)+5] =02+5=5.
Opwgn f eival ouvexrig oto X, =0 mou onpaiver f (0)= Iing f(x)=5.

‘Etol

-1 (0)

Apan f eival mapaywyiown oto X, =0 kat f'(0)=2.
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Aoknon 12

Aivetat ouvdptnon f (x)=e*-nux. Na dei€ete ot

fO(x)+2-f'(x)=2f"(x)

f'(x)=(e* -77,ux)’ —e* . qux+e*-ovvX,
f"(x)= (ex-n,ux+ex-ovvx)’ =2e"-ovvX Kal

£ (x)=(2¢" -auvx)' = 26" - cLVX — 28" - fuX .
Omote

(%) +2- £/(x) = 2¢" - oovx—2¢" -nux+2(e* - pux+€* - ovvx) =
4e*-ovvx=2f"(x).
Apa

fO(x)+2-f'(x)=21"(x).
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Aoknon 13

Na Ociete otL:

2In(x-1)<x—3+In4 ya kdbe x>1.

Auon
Emeion

2In(x-1)<x-3+In4 < 2In(x-1)-x+3-In4<0

apkei va dei€oupe 6T n ouvaptnon f(x)=2In(x—-1)—x+3-In4 pe x>1, éxet
OAIKO péyioto To 0.

Mpaypatt

emiong f'(x)=0< x=3 kat f'(x)>0<« x <3, omdte oxnuarioupe Tov
TAPAKATW Tivaka PeTaBoAwy

x|1 3 +o0
f'(x) + ]

f(x) /f[3}=ﬂ\

H ouvdptnon f eivat yvnoiwg atgousa oto (1,3] kal yvnoiwg @bivousa oto

[3, +oo) Kat emeldn ivat cuvexng oto X =3 mapoucldlel oTo onpeio auto OAIKO

péylototo f(3)=0, dpa f(x)<0 yakdde x>1.
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Aoknon 14

Na O€ifete OTL N €@ATTOPEVN TNG YPAYPIKAG Tapdotaocng Tng cuvaptnong f (x) =x°
OTO ONWEIO TNG A(l,l) EPATITETAL KAl OTN YPAPIKN TTApAcTacn Tng cuvaptnong

g(x)=2x*+7x.

AUon
Ot ouvaptioelg f,g gival cuvexeig Kal Tapaywyiolpeg oto R w¢ MOAUWVUHLKEG.
Exoupe f'(x)=3x*, omote f'(1)=3.
‘Etol n e§iowon tng epantopévng tng C, oto A(l,l) elvat:
y—f(1)=f"(1)(x-1)n
gry=3x-2.

Ma va epamtetat n ¢ katotn C,, Oa mpEMeL va UTIAPXEL Eva X, TETOLO, WOTE

9'(%)=3 @

H (1) pag dive:

9'(X%)=3c4x,+7=3x,=-1

kat g(-1)= 2-(—1)2 +7(-1)=-5, omote n (2) yivetat
—5=3(—1)-2 To omoio toxUeL.

Apa n eubeia ¢:y=3Xx—2 gpantetat otn C, oto A(l,l) katotn C, oto

B(-1-5).
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Aoknon 15

Na Oci€ete oT1 n e€iowon X* +24x* +4x—40=0 éxet T0 TOAU GUO TTPAYHATIKEC
pilec.

Auon

Oswpoupe T cuvdpton f(x)=x"+24x*+4x—-40,xeR.

YroBétoupe otin f €xel tpeig pideg p, p,, 03 €R HE p, < p, < p,. EmedA n f
glval cuvexng Kal mapaywyioihn oto R wg mMoAUWVUHLIKA Kal EmMITAEoV
f(p)="f(p,)=1(p;)=0, epappdleral To Bewpnua Rolle ota SiactApata

[plvpz] Kat [pzips]'
ETol umdpxel Toulaxiotov éva & €(p,, p, ) TéTow, wote f'(&)=0 kau emiong
uTdpxel ToUAdxioTov éva &, € ( p,, p,) TéTolo, wote f'(&,)=0.

Opwg f'(x)=4x>+48x+4, n omnoia gival £MoNG CUVEXNAG Kal TAPAYWYIGHN OTO
R wg moAuwvupikn kat emmAéov /(&)= f'(&,)=0, ondte epappdletal To
Bswpnpa Rolle ya tyv ' oto didotnpa [51,52], TTOU ONpaivel 0Tt UTTAPXEL

TouAdxiotov éva y €(&,&,) tétolo, wote f”(y)=0, To omoio eivat dromo, apoul

f"(x)=12x*+48>0 ya kabe xeR..

Apa n ouvdptnon f , omote kat n e€iowon X* +24x* +4x—40=0 éxet T0 MOAU GUO

TPAYHATIKEG PILEG.
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Aoknon 16

Aivetat n ouvaptnon f (x)=x*-4x+3.

Auon

Na BpeBei n e€icwon tng epamtopévng tng C, mou eival KABETN otnv gubsia

1
S Y=—-X+7.
y 2

. Na BpeBouv ta onpeia emagng twv epamtopevwy tng C, mou diEpxovtat

amé to 0(0,0).

YTapxouv £@antoueveg mou OlEpxovtal amnd onyeio A(2, 0);

‘Exoupe f'(x)=2x-4.

. . , 1 , .
O ouvteAeotng dlevbuvong Tng ¢ eival A, = _E’ OmOTE av A O GUVTEAECTNG

d1evuBuvong Tng epamntopévng Ba oxvel A4, =1 A1=2.
Av B(x,, f (X)) t0 onpgio emaprig g C, e Ty epantopévn, tote
f'(x)=2<2x-4=2< % =3 kat f(3)=0,
dpa n e§iowon tng epamtopevng tng C, mou eivat kABetn otnyv ubeia
1 , .
gly= —Ex + 7 €lval n mapakatw:
y—0=2(x-3)

y=2X—-6.

‘Eotw F(xo, f (xo)) T0 onpeio ema@ng tng C, HeE TNV €QATTOPEVN, TOTE N

e€lowon tng epamntopévng divetat:
y=1(%)=1"(%)(x=%)-

Emeidn n eantopévn auth Siépxetal amd to onpeio O(0,0), Ba woxUet:
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kau f(+/3)=6-443, f(-3)=6+443.

Apa ta onyeia emagng givat ta F(\/§,6—4\/§) Kat A(—\/§,6+4\/§) )

‘Eotw ot umdpxel epamntopévn tng C, mou SlEpXETal amod onpeio A(2,0) Kau

E(xl, f (xl)) T0 onpeio emapng tng C, pe autny, Tote n €§iowon tng

g@antopévng oivetat:
y=f(x%)=f"(x){(x=x).
Emeldn n eantopévn auth Siépxetal amd to onpeio A(2,0), Ba woxUet:
—f (%)= ' H2-%) & %" +4x-3=-2x"+8x -8 =
x’—4x +5=0,

T0 oToio gival atomo, agou n teAeutaia deutepoBAdpLa e§iowon EXeL
apvntikn olakpivouoa ( A=-4<0 ), dpa eivat aduvatn, mou onpaivel ot
dev umdpxel pantopévn tng C, Tou va Siépxetal amd onpeio A(2,0) .
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Aoknon 17

Aivetat n ouvdptnon f(x)=e*+kx—1, émou keR.

i. Avn epantopévn tng C, oTo onpeio Tng A(O, f (O)) gival mapdAAnAn otnv

Auon

euBeia pe e€iowon Yy =3X+5, va Bpeite v TN tou k.

Av k =2 va 6¢iete 611 n acupmtwtn tng C, oto —oo eival n eubsia pe

e€lowon y=2x-1.

To medio oplopov tng f eivatto R.

Exoupe f'(x)=e"+k.

0 ouvteAeotng OlelBuvong tng eubeiag pe e€iowon y =3x+5, eivat 41 =3.

Ma va eival n epamtopévn g C, oTo onyeio TG A(O, f (0)) mapaAANAn

otnv eubeia pe e€iowon y =3x+5, Ba mpémel

f'(0)=21=3<e’+k=3ck=2.

i. NMa k=2 éxoupe f(x)=e"+2x-1.

MNa va eivat n ubeia pe e€iowon y =2X—-1 actpmtwtn tng C, oto —oo,

apkei va ogioupe ot

lim [ f(x)—-(2x-1)]=0.

X—>—00

‘Exoupe lim [ f(x)—-(2x-1)]= lim [e* +2x-1-(2x-1)|= lim e* =0.

X—>—0 X—>—00 X—>—00

Apa n eubeia pe e€iowon Y =2x-1 eivat acupmtwtn tng C,; o610 —0.
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Aoknon 18

Aivetat n ouvaptnon f (x)=x*+2ax’+24x* +5x—7, a € R. Na Bpsite 10

€upUTEPO AUVATO OLACTNHA TWV TIHWY TOU A, WOTE N cUVAPTNOoN va sival
kuptn oto R

. Ta mowa TR Tou @ € R n ocuvaptnon Tou mPonyoUHEVOU EPWTNHATOG EXEL

onpeio kapmig to A(L, f (1))

‘Exoupe

f'(x)=4x*+6ax’ +48x+5,
f"(x)=12x +1205x+48=12(x2 +ax+4).

H dwakpivousa Tou TplwvUpou sivat A =a’ -16.

‘Otav A<0 tote f”(x) >0 yiakabe xeR, dpan f eivai kupt oto R.

‘Otav A =0 tdte f”(x) >0 ywa kdbe x € R, émou n 1ootnTa OXUEL Yia €va

pepovwpévo onpeio, apan f eival maAt kupth oto R.
Apa mpEmel
A<O0ea’-16<0ea’ <16 |a|<de -4<a<4.
Mpémel
f"(1)=0=12+120+48=0<= a=-5.

Emiong Ba mpémetl va eAéyEoupe av aAAdlel n kuptotnta de€ld kat aplotepd
Tou x=1.

Nna a=-5, f"(x):lz(x2—5x+4) Kal

f”(x)=0<:>12(x2 —5x+4)=0<:>(x=1 A X=4). Onéte £xoups Tov Tivaka

TPOGCHOU:

X| -0 1 4 +a0

fx)|  + #) i #) +
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Apan f eival kupth oto (—,1] kat koiAn oto [1,4]. Emiong emeidn eival
Tapaywyiolyn cuvaptnon €XEL EQATITOPEVN OTO onueio A(l, f (1)) OUVETIWG

0 AL f (1)) eivat onpeio kapmig g C, .

Apaya @ =-5 to A(L f (1)) eivat onpgio kapmrig g C, .
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Aoknon 19

1. Na amodei€ete TIC MAPAKATW AVICOTNTEG:

i. e7'>x,yaakdbe xeR.

2 r
ii. e >1-x,yiakdbe x>0.

2

. . X .
2. Na O¢iete ot ex+x2?+1, yla kabe x>0.

Auon

1.

i. 'Exoupe

el xeo e -x>0.
Oewpoupe ™ ouvaptnon f(x)=e*'—x, xeR.
Oa amodeifoupe ot n f éxel OAkO eAdxioto to O.
loxuel

f'(x)=e"-1,

omote f'(X)=0= e -1=0e"'=e" = x=1
kat f'(X)>0= e -1>0=e>e’ o x>1,

OTIOTE £XOUHE TOV TMAPAKATW TiVAKA

X |—o0 1 +a0

£'(x) _ +

£(x) '\1;(1) = 2/7

‘Etoun f sival yvnoiwg @Bivouca oto (—oo,l] Kdl yvnoiwg aufouoa oto

[1, +oo) Kal ouvexng oto X =1, dpa oto onueio auto mapouctalel OAlKO

eAdxioto to f (1)=0.

Omnote 1oXUEL
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f(x)>f(l)e f(x)20< e >x yiakabe xeR .
ii. 'Exoupe
e >1-xe< e —1+x>0
@ewpouye T ouvdpton f(x)=e* —1+x, Xe [0,+0).
Oa amoodeifoupe ot n f éxel 0AkO eAdxioto to O.
H f eival ouvexnig kai mapaywyioun oto [0,+w).

loxuel
’

f'(x)= (eX2 -1+ x) =2xe* +1,

omote f'(x) >0, yua k@be x>0, dpa n cuvdptnon f eival yvnoiwg

augouca oto [0,+0) .

‘Etot
f(x)>f(0)=0, ya kdbe x €[0,+x),
TToU onpaivet:
e’ >1-x, yla kabe x>0.
‘EXoupe

» x* iy X
e +XZ?+1<:>Q +X—7—120.

2
Oswpoupe tn cuvaptnon f(x)=e*+x —X?—l, X € [O, +oo) .

H f elval cuvexng kat mapaywyioipn oto [O,+oo).

loxueL:
2 Y
f'(x) :(eX + x—?—lj =e"+1-X
Kat

f7(x) = (e* +1- x)' —e*—1.
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Emiong
f'"(X)=0<=e"-1=0< x=0 kat
x>0<e*>1< f"(x)>0,
dpa n ouvaptnon f' eival yvnoiwg atgouca oto [0,+x).
Omote yia x>0« f'(x)> f'(0)=2>0, dpa ka1 n cuvaptnon f eival
yvnoiwg avgouca oto [O, +oo) . Emopévwg éxel o0Ako eAdxioto oto Xx=0, 10
f(0)=0.
loxUgeL Aoumov:
f(x)>f(0)=0, ywa ke x [0,+), dpa

2
ex+xzx?+1, yia kaBe x €[0,+00).
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OEMAT

Aoknon 1

Aivetal n ouvdptnon f (x) —e?* +5x.

1.

Na dci€ete ot n f avriotpépetal.

r ’ 2 —_
Na AUcete v e€iowon: e —e*? =-5x* +10x-5.

H cuvaptnon €xel medio oplopou to R . MNa va amodeifoupe 0TI N cuvaptnon
avTIoTPEPETAl ApKel va amodeifoupe OTL eival yvnoiwg povotovn. Mpdaypartt:

f'(x)=2e*+5>0,

apa n cuvaptnon eivat yvnoiwg avouca oto R, cuvenwg eivat kat «1-1»,
dapa avtioTpEPETal.

H e€iocwon yivetal icoduvapa:
e? —e"? = 5x* +10x -5 < e* +5x* =e’* Y 15(2x-1) =
f (xz): f(2x-1)
kat emedn n f eivat «1-1» €metal ot

x?=2x-1e(x-1)" =0 x=1.
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Aoknon 2
Aivetat pua ouvaptnon f (x):R — R n omoia sival mapaywyion oto X =0 pe
f'(0)=1 kat yia v omoia oxUeL:

f(x+y)=f(x)e’+f(y)e* yiakdbe x,yeR.

i. NaumoMoyioete o f (0) katto Iimw.
x-=0 X

ii. Naoeiete ot n f eival mapaywyiown oe kae onpeio x, tou mediou

optopol TG pe (%)= f(x,)+e".

i. Na x=y=0 noxéon
f(x+y)=f(x)e’+f(y)e (1)
yivetau:

£(0)= f (0)1+ f (0) 1> f(0)=0.

Emiong Iing f(x) = Iing f (X)_g (0) = f'(0) =1, 6mou xpnotyomolcaps Tov
X—> X X—> X_

OPLOHO TNG TTAPAYWYOU.

ii. Amo6 tn oxéon (1) maipvoupe f(x,+h)=f(x,)e"+ f (h)e* omdre

— h
im0 M=F00) i b gy 8=, F ()

h—0 h h—0 h h

X | —
\%3

h
f(xo)-lime—_1+lim$-eXO = f(x,)e" +1e° = f(x,)+e*,

h—0 h h—0
h h 0
. . . e -1 . e'—e LAY 0 o
agou To 6plo IerrJ _Llir(l) — =g'(0)=¢" pe g(x)=¢".

Apa f'(x,)=f(x,)+e*.
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Aoknon 3

Av yla toug BgTikoug paypatikoug aptbpoug «, f 1oxUEL:
a’+ B >5e" -3, yuakdbe xeR,

va Oeifete 6Tl a-f=¢°.

Auon
‘Exoupe a* + f* >5e* -3 < a* + f* —5e* +3>0 kat Bétovtag
f(x)=a"+ " —5e* +3 maipvoupe: f(x)>0=f(0), yiakdbe xeR .

Apa 10 0 givat oAk eAaxioto tng f oto 0 kat emedn n f eival mapaywyioun oto

0, (ecwteptko onpeio Tou R ) émetal amd to Bewpnua Fermat ot f'(O) =0.
Opwg f'(x)=a™Ina+ f*In g —5e*, ondte

f'(0)=0=a’Ina+p°InB-5"=0<=In(a:B)=5< af=¢.
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Aoknon 4
‘Eotw f,g ouvexeig ouvaptioeig oto [0,1] kat mapaywyioweg oto (0,1) pe
f(0)=f(1)=0 kat f(x)=0 yiakdBe xe(0,1).

i. Na dei€ete o1l LloxUouv ol mpolmobEoelg Tou Bewprpatog tou Rolle yua t
ouvaptnon h(x)= fz(x)-eg(x) oto didotnua [0,1].

ii. Na d¢ci&ete 0TI UTTAPXEL TOUAAXIOTOV €va & € (0,1) TETOLO WOTE:

i. Ol ouvaptAoElg fz(x),eg(x) eivat ouvexeig oto [0,1] wg cUvBeoN CUVEXGV
ouvaptioewy. Omote Kat N h givat cuvexig oto [0,1] WG YIVOEVO GUVEXGDV
OUVAPTACEWV.

Opoiwg ot GUVAPTAGELG fz(x),eg(x) eival mapaywyiotpeg oto (0,1) wg
oUvBeon mapaywyiolpwy cuvaptiocswy. Omote Kat n h ival mapaywyiotpn
oto (0,1) WG YIVOUEVO TTAPAYWYICIHWY CUVAPTACEWY.

Emiong h(0)=h(1)=0, dpa 1oxtouv ol mpoiimobEcelg Tou Bewpripatog Tou

Rolle yia ™ cuvaptnon h oto didotnua [0,1].

ii. Eivaw h'(x)=2f (x)-f’(x)-eg(x) +f? (x)-eg(x)-g'(x) Kal anoé to Bswpnua Rolle

EXOUPE OTL UTTAPXEL TOUAAXIOTOV €va & € (0,1) TETOl0, WOTE
N(£)=0e2f (&) F'(&)e* + F2(&)e?g'(¢) =0

f(&)e?[21/(5)+ F(£)0'(§)]=0=2'()+ T (£)9'(§) =0

€ _ 9@
f© 2
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Aoknon 5

Av n gubeia y=3x-1 eival mMAdyla acUPTITwTn TG YPAYPIKNG Tapdotaong tng f oto
400, TOTE
f(x)

i. vaBpeite ta opwa lim —= kat lim (f (x)—3x)
X X—>+o0

X—>+00

ii. vaBpeite to 41 € R worte:

lim x-f (x)=3x* = A%x+2 o
x—>0 f(x)+Ax+1 B

Auon
A@ou n eubeia y =3x-1 eivalt mMAayla acUPTtwtn NG YPAPIKAG mapdotaong tng f
f(x)

010 +o0, ToTE lim——~ =3 kat Iim[f (x)—3x]:—1. Omndte éxoupe

X—®© X X—0

x-f (x)=3x* =A% +2 ~

lim -l
X—>0 f(x)+lx+1
, 2
x{(f (x)-3x)-2 +}
. X
lim =1

Hw x{ f (X)+/1+1}
X X

—1- A2
3+ 4

=—l<:>/12—/1—2=0<:>(/1=2 nA=-1).
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Aoknon 6 (KTog e€eTacteag UANG)

Aivetai ouvaptnon f ouvexigoto [0,1] pe f(0)<0 kat f'(x)#=2 ya kdBe
Xe (0,1) .

Aivovtat emiong ot pyadikoi apibuoi 7,2, pe z, = f (1)+ f (0)i kau
z,=-3+f(0)i.

Av 7,7, € R va Seifete 6T undpxel éva povadiké & €(0,1) tétolo wote f(&)=2¢.

Auon

loxuet

2,2, =[ f(1)+ f(0)iJ{ -3+ f(0)i]=[-3f (1)- £°(0) |+[ f (1)-f(0)-3f (0)]i.
MNa va woxvel z,-z, € R mpemel

Im(z,2,)=0, dpa f (1)-f (0)-3f(0)=0< f (1)-f (0)=3f(0) 1)

Oswpoue T cuvdptnon g(x)= f (x)—2x, n omoia eival cuvexig oto [0,1], wg
abpolopa ouvexo'ov cuvaptﬁoswv snicng LOXUEL
9(0)g(1)= [ 2] =f( —2f(0), To omoio Adyw g (1) yiveral

g(0)g(1)=f (O) <0, ondte cUppwva pe to Bewpnpa Bolzano umdpxet
TouAdxioTov pia pifa & g g oto (0,1).

EmmAéov toxUet 6Tt g'(x) = f'(x)—2#=0 oto (0,1).

‘Eotw ot n g €xet Vo pileg p,, p, OTO (O,l) pe 0< p, < p, <1. Tote yia n g Ba
loxuouv ol mpoimoBeoelg Tou Bewpnpatog Rolle, agpou:

e n g eival cuvexig oto [ p;, o, |
e ng eival mapaywyion oto (p;, p,)
* 9(n)=9(r.)

dpa Ba undpxel TouAdxictov éva & e(p,, p,) TéTolo, wote g'(£)=0, To omoio
elvat aroro.

Apa n g éxel akpBG pia pida oto didotnua (0,1).
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Aoknon 7

Aivetal cuvaptnon f duo @opég mapaywyioiun oto R yia tnv omoia toxvouv:
f(0)=f'(0)=0 kau f"(0)=2011.

Na umoAoyioete T0 Oplo:

||mxfi
x—>0 @ -nlu)(_)(

Auon

Emeidn n ouvaptnon f eival duo popg mapaywyiown, cupmepaivoups otin f'
umrdpxel Kat sivat ouvexng oto R.

Opoiwg kat n f eivat ouvexng oto R.

Emiong

lim f (x) = (0)=0 kau lim(e*nux~x)=0,

x—0
, e 1o lim (%)
OTTOTE yla va BpOUUE TO |Imx—
x>0 e7-nuX — X

Hospital kat maipvoupe

epappoloupe pla opd tov Kavova De L’

() o (%)

lim - = lim ':Iim - - 1
x—0 . — x—0 x—0 . . —
e nuxX—X (ex-nux—x) e nux+e-ovvx

loxueL:

lim f'(x)=f'(0)=0 kat Iing(ex-n,ux+ex-auvx—1):0,

x—0
. . f'(x)
Gpa to 6pto lim— N
-0 e puX+e-ovvx—1

. . . (o]
glvat maAt tTng Hopwng 6 ,

Opw¢ O€ Ba £PApPUOCOUPE akopa Hia gopd Tov kKavova De L’ Hospital, agou 6a
TPOKUWYEL OTOV aplOunTi n f"(x) yla tnv omoia o€ yvwpiloupe av ival GUVEXNAG.

Ma va cuveXiCOUYE HE TOV UTTOAOYIOHO TOU 0piou Ba XpnoIOTIOCOUHE TOV OPLOHO

g f"(0).

Eivar f”(0)=Iim F(x)-f(0) =lim F(x) =2011, omdte

x—0 X—0 x=0 X
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f'(x
lim () =
x>0 e*.pux+e*-ovvx—1

t'(x)
. . 2011 2011
lim = = ,
0 nyXJrex-aqu—l 1+1 2

X X

agpou Iim(ex-ﬂxj —lime*limZ*% 0121 ka

x—0 X x—0 x=0 X
. ex-m)vx—l(%j . (eX'O'UVX_i)I . et-ovvx—e nux .
lim————— =lim—=1im =1. (kavovag De L’
x—0 X x—0 (X)’ x—0 1
Hospital)

. f(x 2011
Apa lim ( ) Y i

o0 puX—X 2



Aoknon 8
Na Bpeite TIg §I0WOELG TWV EQPATITOUEVWY TNG YPAPIKNG TTapaoctaong tng f (x) =x?

mou OlEpxovtatl amnd 1o onpeio A(%,—ZJ.

Auon
‘Eotw B(xo, f (XO)) To onpeio emagng tng {ntoupevng epamtopevng pe T C, .

H mapdywyog tng f i.ooutat pe f ’(x) =2X, omdte n e€iowon NG epamntopévng Ba

elvat:

Y —X,© = 2%, (X —X,) (1)

Emelon n epantopévn SIEPXETAL ATTO TO ONHEIO A(%,—Zj Ol GUVTETAYHEVEG ToU Ba
emaAnBelouv tnv (1) omdte:
2 1 2 .
-2—X%, :2XO(E—XO)<:> X' =% —2=0=(% =21 x,=-1),

KAl avTIKadlotwvtag Tig TIHEG auTtég otny (1) maipvoups Uo £QAmTOPEVEG (ZXApa 1)
pE €ELOWOELG

&1y =4x—4 xai onpeio emapig to B (2,4) kai

&,y =—2x—1 kat onpeio emagig o B,(-11).

44 B,(2.4)

w

2] N A05-2)

IxfHa 1
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Aoknon 9

Aivetal otL pua ouvaptnon f eival mapaywyioipn Kat KoiAn oto [0,3] . Na d¢ei€ete ot

F(1)+f(2)> f(0)+f(3).

Auon
AoU n f givat koiAn oto [0,3], émetat 6t n f' eival yvnoiwg @Bivouca oto (0,3).

Emiong

Q)+ 1(2)> 1 (0)+ 1 (3) T W=TO) FE)=T(2) @

Kal emedn epappoletal 1o ©.M.T. yua tn ouvaptnon f ota dacthpata [0,1] Kal

[2,3] umapxouv & €(0,1) kat &, €(2,3) Tétola, wote

ey 1010 TB)-1(2)

1-0 3-2

Me Bdon ta teAeutaia n (1) yiveta f’(fl) > f’(fz), 10 omoio oxUel, agol f' sival

yvnoiwg @bivouca oto (0,3) Kat & <&, .
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Aoknon 10

Na Bpeite To pubuod pe tov omoio PetaBAAAeTal to eBadov ToU TPLYWVOU HE
Kopu@ég ta onpeia A(L,0), B(x,Inx) kai

I'(x,0), x>1, T xpoviki oTtyun t, katd tnv omoia to X =2cm.

Ailvetat 6t o pubpog petaBoAng tou x sival otabepdg Kat icog pe 0,5cm/ sec.

#
21V
1 -
B(x,Inx})
0 A I(x,0) X
¥ 0 1 2 3 4 X
Ct
EE
Y

Ixrpa 1
To £uBadov Tou TPLywvou pe Kopuég ta onpeia A(L,0), B(x,Inx) kal
I'(x,0),x>1, woitat pe E :%(AF)( BI) :%(X—l)-ln X (BAéme Ixrpa 1) kat
EMELON N TETUNHEVN X €lval cUVAPTNON TOU XpOvou t, EXoupe OTL Kal To ePBado eival
ouvdptnon tou xpovou t pe E(t)= %[x(t)—l}ln x(t). Napaywyifovtag Bpiokoupe

T0 puBpO peTaBoAng Tou epBadou tn Xpovikn otyun t, :

E'(t,) :%x'(to).ln x(t0)+%[x(to)_1]_x'(to)

(6mou (In x(t))’ =(Inu)' =%-u’ @, e u=x(t))

Kal avtikadiotwvtag to X(t,)=2cm kat X'(t,)=0,5cm/sec Bpiokoupe

E'(t,) e 2+£[2—1]-£:£-(In thijcm2 / sec
4 2 4 4 2
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Aoknon 11

Auon

‘Eotw OTL N TOAUWVUHIKA cuvdptnon P(X) éxel mapdyovta o (X — p)

Na Sei€ete 6T1 pia MOAUWVUHIKG cuvdptnon P(X) éxel mapdyovta to

(x—p)2 av kat povo av P(p)=P'(p)=0.

Na Bpeite Ta a, f € R wote To moAuwvupo P(x)=ax’+ x* —3x—1 va

) ’ 2
éxel mapayovta 1o (x—1)°.

2
2

Tote undpxet ToAuwvupo IT(x) Tétolo, wote P(x)=(x—p) II(x), omote

P(p)=(p=p) T1(p)=0.
Emiong P'(x)= 2(X—p)-H(X)+(X—p)Z-H'(X) , OTIOTE

P'(p)=2(p-p)1(p)+(p-p) 11'(p)=0.

Avtiotpopwg éotw P(p)=P'(p)=0. Agol P(p)=0, umdpxel TOAUWVUHO
Q(x) tétolo, wote

P(x)=(x-p)Q(x) €
Mapaywyiovtag éxoupe P'(x)=Q(X)+(x—p)Q’(x), omdte
P'(p)=Q(p)+(p-p)Q'(pr)=0 apa Q(p)=0, dpa umdpxel TOAUGVULO

I1(x) této0, wote Q(X)=(Xx—p)II(xX). AvtikaBiotwvtag to Q(X) otnv
2

(1) maipvoupe P(x)=(x—-p) II(x), dpa t0 (x—p)2 elval mapayovrag tou

moAUwvUpoU P(X) .
Bdoet Tou mponyoUpevou epwtripatog Ba toxet P(1)=P'(1)=0.

Eivat P(1)=a+ B -3-1=0, apa a+f=4. Eniong P’'(x)=3ax’+2px-3
, omote P'(1)=3a+24-3=0. Alvoups to clotnpa

{a+ﬂ:4 a=-5

Kal Bpiokoupe
3a+24=3 £=9
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Aoknon 12

‘Eotw f :(0,+oo) — R mapaywyiolun cuvaptnon yla tnv omoid oXUEL:
f(x)=e " +Inx+x* ya kdbe x>0 kat f(1)=2.

Na Bpeite tnv e€iowon g epantopevng tng C, oto onpeio A(l, 2).

Auon
Oswpoupe T cuvdpton g(x)= f (x)—e**—Inx—x?, n omoia eivat mapaywyiotun

oto (O,+oo) w¢ dBpolopa TapaywyicHwy cUVAPTACEWY Kal EMTAEOV
g(x)=0=g(1) yia kd®e x>0.

Apa n g €xel eAaxioto to 0 yia X =1, omote cUP@wva pe to Bswpnpa Fermat Ba

oxvet g'(1)=0. Opwg g'(x)=f'(x)—e" —%— 2X, apa
g'(1)= f’(l)—e°—%—2:0<:> f(1)=4.
Yuveng n e&iowon tng pantopévng tng C, oto onpeio A(12) Ba sival

y—2=4(x-1)< y=4x-2
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Aoknon 13

Oewpoupe ouvdptnon f oplopévn Kat dUO POPES TAPAYWYICIHN OTO (—3, 3) n omoia

IKAVOTIOIEL TN OXEoN:
f2(x)+4f(x)+x*-5=0 ywa ke x e (-3,3) (1)

Na bei€ete 0Tin C, Oev €xeL ONMEIA KAPTIAG.

Auon

Mapaywyiloupe duo @opég T oxéon (1), n omoia yivetrat
f2(x)+4f(x)+x*=5=0=2f (x)-f'(x)+4f'(x)+2x=0=
2[ /(x)] +2f (x)£7(x)+4f"(x)+2=0 e

"Eotw 6Tt T0 A(xo, f (XO)) eivat onpeio kapmig g C, , Tote emeldn n f eival duo

QPOPEG TTapaywyioiun oto (—3, 3), 8a oxUel f”(xo) =0 Kkat avtikadlotwvtag otnv

(2) maipvoupe
2[ £1(x) ] +2F (% ) F (%) +4F"(%)+2=0
2
2[ f' (%, )] +2=0 to omoio eival aroro.

Apan C, Ogv Exel onUEia KAPTNG.
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Aoknon 14

Alvetal n ouvexng Kat mpaywyioiyn cuvaptnon f, yla tnv omoia oxUeL:

f (ex-nyx) =2€" yua kabe x e(—%,—j.

Auon

V4
2

Na Seigete 6T f/(0)=2.

Na deifete 6t n e&iowon Tng epamtopévng Tng C, oto A(O, f (0)) elvai n
y=2Xx+2.
Av éva onpeio Kiveital mavw otnv mponyoUpevn gubsia Kat n TETUNUEVN TOU

auavetatl pe pubud 2cm/sec va Bpeite To pubuod PeTaBoANG TNG TETAYHEVNG
TOU onpeiou.

Mapaywyiloupe t oxéon f (ex-n,ux) = 2-€* Kal maipvoupe

f ’(ex-mzx)-(ex-nyx)' = (2-ex)r o
t(e"nux)(e* nux+e* cvvx)=2€" (4)
Ma x=0 n oxéon (4) pag diver f'(0)=2.

Mna x=0 n oxéon f (ex-nyx) = 2:¢* pag divel f (0)=2. Omére n e€iowon
NG EQPATTOUEVNG ivat:

y—2=2(x-0)< y=2x+2.

H teTtpunpévn x Tou onpeiou gival cuvaptnon tou Xxpovou t Kat
x'(t)=2cm/sec, omdTe Kat N TETAYHEVN TOU Y Tou onpeiou Ba eival

ouvdptnon tou xpdvou t Kat Ba LoxUEL
y(t)=2x(t)+2,
OTTOTE MAPAYWYIJOUHE KAl EXOUHE

y'(t)=2x'(t)=4cm/sec.
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Aoknon 15

1. Aivetat cuvaptnon f :R — R n omnola sivat mapaywyiowun oto R . Na dsifete
ot

i. avnfelvai apua, tote n f' eival mepuren.
ii. avnfelval mepitth, tote n f' eival dpua.

2. 'Eotw f:R — R pua dptia kat mapaywyiciun cuvaptnon. Oswpolpe ™
ouvdptnon

g(x)=(x"+ovvx)e ™ +pux+x.
i.  Na d¢gi€ete ot n ouvdptnon g €ival Tapaywyiolun oto R .

ii.  NaumoAoyioete v Th g'(0).

Auon
1. i.’Eotw ot n f eival aptia, tote IOXUEL:

f(-x)=f(x) yaakabe xeR.

Mapaywyifovtag kat ta duo PEAN TNG OXEONG EXOUHE:

(f(=x) ='(x) ®

dpan (1) yivetat f'(-x)=—f'(x) ywa kdbe xeR .
Juvenwe n f' elval mepurtn.

ii. ‘Eotw ot n f eival mepittn, TOTE IOXUEL:

f (-x)=—f(x) ya kdbe xeR.

Mapaywyifovtag kat ta duo PEAN TNG OXEONG EXOUHE:

(f(=x) =-f"(x) (2)



@étovtag y = f (—x) kai u=-x, éxoupe y = f(u) . Emopévaug,

dpan (2) yivetat f'(—x)= f'(x) yia kdbe xeR .
Juvenwg n f' eivat apria.

i. H ouvaptnon e"™ givau Tapaywyioiyun wg ouvOson mapaywyictigwy
ouvaptioewv. Ot X° +oUVX KAl X+ X ival mapaywyicipeg wg abpolopa
Tapaywyiolgwy cuvaptnoswv. OmOTE n cUVAPTNON g Eival Tapaywyiolyn oto
R w¢ anmotéAeopa mpagewy mapaywyiciywy cuvapTioEwY.

ii. 'Exoupe:

g9'(x)= (x5 +0'UVX), et +(x5 +auvx)-(ef(x))’ +(qux+x) =
(5x4 —nyx)-ef(x) +(x5 +auvx)-ef(x) - f'(X)+ovvx+1.

onéte g'(0)=e'”-f'(0)+ovv0+1=2.

2TOV TPONYOUHEVO UTIOAOYIGHO XPNOILOTIOICALE f’(O) =0.

Mpdypartt amé to mponyoupevo epwtnya n cuvdptnon f' eival mepirt, omote
yia x=0 éxoupe f'(-0)=-f'(0)< 2f'(0)=0«< f'(0)=0.
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Aoknon 16

Aivetat ouvaptnon f(x)=

Auon

Na éei€ete 6T n f eival mapaywyion oto X, =0.

Na Ociete oTL eappdletal to Oswpnpa Rolle yia tny f oto didotnua
11
27 7

, . , 1 , . .
Na dei€ete 0Tl n e€iowon op— = 3X, €xEl TOUAAXIOTOV Hla AUoN OTO
X

, (1 1j
dlaotnua | —,— |.
2T 7

MNa x=0 €xoupe

1

_ Xnu
(-1 ™y o1
Xx-0 X X

, 1 - .
Emiong <xX? & —x? <xXPu—< x? Kkal emeldn |Im(—X2) =limx* =0,
X

x—0 x—0

, 1
X°nu=

X
ETETAL ATIO TO KPLTAPLO TTAPEUBOANG OTL

lim x277y£:0,
X

x—0

apa n f eival mapaywyiopn oto x, =0 kat f’(O) = Ii%w -0.

T T

. 1 , . 11 . .
H ouvaptnon nu— eival cuvexng oto pyi WG oUVBEDN CUVEXWY
X

. , . . 11 ,
ouvaptTnoewy, OTOTE Kal N f elvat ouveXng oto |:2—,— , WC YIVOUEVO
T T

OUVEXWY CUVAPTNOEWVY.
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, 1, , .
H ouvdptnon nu— eival mapaywyiotyn oto (ii) wg ouvbeon
X 2t
TaApaywyiolHwy cuvaptioewy, omote Kat n f eival mapaywyiolpn oto

(Ziij , WG YLVOHEVO TTAPAYWYICIHWY CUVAPTACEWY.
T

, 1 1 1 1
E"long f(gj:@ﬂ‘u(Zﬂ'):O Kdal f(;]=?77,u(7z)=0

Amd ta mponyoupeva Emetal 0Tl e@appoletal To Oswpnua Rolle ywa tnv f oto

. [1 1}
olaotnua | —,—|.
2T 7

ATI6 7o i) umdpxel TouAdxiotov éva & e (ziij tétolo, wote f'(£)=0.
T

‘Etot

f'(&)=0< 352-77,u§+ 53-0'1)1/?-(—%} =0<

35-77;1% = m)vé < O'(Dé =3&

, 1 , , , ,
Apa n e€iowon op— = 3X, €xel TOUAAXIOTOV Hla AUon 6TO OlaoTnpa
X

&2
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Aoknon 17

Na umoAoyiocete ta opla:

i. lim x*.
x—0"
N . 1Y
ii. lim (1+— )
x—0" X
Auon
i. ’'Exoupe
. . | u=x-Inx .
limx*=Ilime*™ = lime" =1, apol
x—0" x—0" u—0
=) (Inx)
. . . Inx = nx
I|mu:I|m(x-Inx):I|m— = ~ 7 =
Xx—0" Xx—0" x—0" 1 x—0" 1 !
1
lim—%X— = lim(-x)=0.
x—0" i xeo*( )
X2
iy ey .
ii. lim{1+=] =lime X = lime" =1, apou
x—0* X x—0* u—0
1
In| 1+~ (i"j
] ] 1 ] X )\
limu=Ilim| xIn|1+=||=lim———% = lim
x—0* x—0* X x—0* 1 x—0* 1 !
X (xj
X ( 1)
x+1\ x? . X
lim =lim|——1|=0
x—0" 1 x—>0"\ X+1



Aoknon 18
Aivetat n dptia ouvdptnon f :R™— R ywa tnv omoia 1oxUouv:
f(1)=2 ka
x-f'(x)=-3f (x) yla kdBe x#0.

i.  Na dei§ete 6T n ouvdptnon g(x)=x*f (x) eival otabepn o kabéva amo ta

Sacthpata (—oo,0) kat (0,+w).
ii.  Na Bpeite tov TUMO NG f.

iii.  Na Bpeite t1g actupmtwreg tng C, .

i. 'Exoupe
g'(x)=(x*f (x)) =37 (x)+ X% F7(x) =3x%-f (x)+x*(-3f (x)) =0
dpa g'(x)=0 ya ke x e(—0,0)U(0,+x).

Auté onpaivel otL n ouvdaptnon g eival otabepn os Kabsva amo ta
dlactApata (—oo,O) Kat (O,+oo), dnAadn umdpxouv otabepég C;,C, € R

TETOLEG, WOTE

Emeidn n f eival dpria éxoupe f (1)=2 < f(-1)=2 omndte

2
2=-2=¢,.

3

g(1)=1*2=2=c, kat g(-1)=(-1)

Ao ta mponyoupsva £metat Ot

g(x)z{—z, X<0

i Na x>0, g(x)=2e ¢ (x)=2o f(x)= 2.

Ma x<0, g(x)=-2 - (x)=-25 f(x):—%.

62



Apa f(x)=

Enedi lim f (x)=lim f (x) =00, émetat 6t n eubeia x =0 eivat

x—0" x—0"

Katakopuen acupmtwtn tng C, .

Emiong oxuet lim f(x)=0 kat lim f(x)=0, apa n eubeia y=0 eivat
X—>+00 X—>—00

optovtia acupmtwtn g C, oTo 400 KAl OTO —oo.

Eme1dn €xoupe opt{ovtieg acupmtwteg tng C, OTO 400 KAl OTO —o0, ETOL OEV

EXOUHE TMAAYLEC AOUUTITWTEG.
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Aoknon 19

Aivetat n ouvaptnon f (x)=2x°—15x* + 24x.

Auon

Na peAetnoete TNy f wg mMPog T povotovia Kat Ta akpotartd.

Na Bpeite To 6UVOAO TIHWYV TNG.
Na Auocete tnv e€iowon f (x) = A yu 1 dagopeg Tipég Tou LR

Na peAetioete Ty f w¢ MPog TNV KUPTOTNTA KAl va Bpeite Ta onpeia KAumng
NG AV UTTAPXOUV.

To medio opiopou g f (x)=2x°-15x" +24x eivatto R.

f'(x)=6x*—-30x+24 kat
f'(x)=0<6x*-30x+24=0< (x=11 x=4)

‘Etol £xoupe Tov mapakdtw Tivaka

X | -o0 1 +ao0

f'(x) + (# - ; +
£(x) / 1 \ . /

H f eivat Aoumév yvnoing at€ouca ota Siactipata (—wo,1] Kat [4,+0) kat

yvnoiwg @bivouca oto [1,4]. Emeldn eivat emiong ouvexig ota onpesia 1 ka
4, mapouctalel otn Béon X =1 tomMKO péytoto 1o f (1) =11 kat otn 6¢on

X =4 tomko eAaxioto to f (4) =-16.
loxUel

lim f(x)=—o0 kat lim f(x)=+c0, kat enewdn n f eivar cuvexig oto R tote
X—>—00 X—>+00

10 oUvVoAo TIHWY TG f eivat o R..

Ta empépoug cUVOAA TIHWYV Eival

f ((—oo,l]) = (—oo,ll] ,
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f ([14])=[-16,11] kat
f ([4 +oo)) = [—16, +oo) Kdl amo Tn Jovotovia Tng cuvaptnong mMPOKUTTEL OTL

e Av 1<-16 tote n e€iowon f (x) = A €xel gua povadiki AUon oto

(—oo,l).

e Av A=-16 to1€ n €€iowon f (x) = A éxelL 0Uo akpBwg AUCELG, TNV

X =4 kat pla deUtepn oTO (—oo,l).

e Av 16 <A <11 téte n e€iowon f (x)=1 éxel TpEIG akpiBwG AUCELS, Hia

og KaBe éva ané ta daotipata (—o,1), (1,4) ka (4,+x).

e Av A=11 161 n €€iowon f (x) = A éxelL 0Uo akpBwg Auocelg, Tnv X =1

Kal pia SeUtepn oTo (4,+00) .

e Av A>11 t6te n e€iowon f(x)=4 éxet pia povadikni Adon oto (4,+w).

iv.  f"(x)=12x-30 kat f"(x)>0< x>g. Omdte éxoupe

X |-00 3 +a0

(%) - #D +

, , , . 5 . 5
Apa n f elvat KolAn oto dlactnpa _OO'E Kdl KUPTH OTO E,+oo .

4 14 r 4 5 I3 I3
Emednn " pndeviletat oto onpeio X, ZE Kal ekatepwBbev aAAadlel

, , 5 5 , , .
mpoonua To onpeio A > f 2 givat onpeto kapmg tng C, .
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Aoknon 20
Alvetal moAuwvupIKn ocuvdptnon P yia tnv omoia toxueL:
[P’(x)]2 =P(x) ylakdbe xeR kat P'(1)=2.

Na Bpeite To TOAUWVUHO P(x) i

AUon

Mpwta 6a mpocdlopicoupe To Babuo tou moAuwvupou P.
‘Eotw 6Tt 0 BaBudg tou P(x) eival v, téte 0 Babudg tou P'(x) eivar v —1 kat Tou
[P'(x)]2 givat 2(v—1). Adyw Tng 106TNTAG [P’(x)]2 =P(x), mpémet va oxUeL:
2(v-1)=veov=2.
Apa 1o MoAuwvupo gival dsutépou Babpou kat Ba eival Tng HopYng:
P(X)=ax’+pBx+y pe a#0,
P'(x)=2ax+2,
oTotTE
[P'(x)]2 =P(X) = (2ax+ ) =ax’ + fx+y =
A’ X* +Aafx+ [P =ax’ + fx+y &

4o’ =a (1)
4ap=p (2)
Bi=y (3)

H (1) pag divel

9 a#0 1
da" =ag=a=—

kal amoé tn oxéon P’(1)=2 maipvoupe
3

1
2°1+f=2 f="
R F=3
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. . 3 , .
TéAog avtikabiotoupe o f 25 oTn oxeon (3) KAl EXOUME:

9
.
y=p 2

Emiong n oxéon (2) 1oxUeL av avilkataotoouE Toug aplbpols o Kal f.
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Aoknon 21

Aivetal n ouvaptnon f :R — R pe cuvexn mpwtn mapaywyo. Av yia Toug aptépolg

a, B,y €R pe a< f<y woxiel f(a)<f(B)>f(r), va dei€ete 6T unapxel

TouAdxioTov éva X, € (a,7) Ttétolo, wote f'(x,)=0.

Auon

Emeidn n ouvdptnon f sivat ocuvexnig kat mapaywyiolyn oto R, pmopoupe va

£QAPHOCOULE TO BedpNpa péong TG yia Ty f ota dwactipata [a, ] kat [, 7] .

ETol udpxel TOUAAXIOTOV éva & € (a, B) TETO0, WOTE

Opwg f(a)< f () apa
f'(§1)>0 (D

Opoiwg umdpxet TouAdxiotov éva &, € (B,7) Tétolo, wote

ARSI
Opwg f(B)> f(y) apa

f'(&)<0 ()

H ouvdptnon f' eivat ouvexig oto [&, &, ] kat amd Tig (1) kau (2) éxoups

(&) (&) <0, ométe and to Bewypnpa Bolzano émetat Oti UTdpXel TOUAAXIGTOV

éva x, €(&,&,) < (a,y) tétolo, wote f'(x,)=0.
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Aoknon 22
Na umoAoyiocete ta opla:

1
X

lim nux-e

x—0"

- 1
lim x-ex

ii.
x—0"

Auon
. . 1 . X 1
x—0" x—0" X

ylati

X

lim~—=1
x—0" X

Kdl
()

1 1
x U=y

e

. 1 .
lim x-ex = lim

x—0" x—0" L

lim xe* =00=0,

ii.
x—0"
agou

limx=0

x—0"

Kdl

u=

|

. 1 ) "
limex = lime"=0.
x—>0" u—>—o
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Aoknon 23
Aivetat n ouvdptnon f :[1,6]—> R n omoia givat cuvexrig oto [1,6] kat

mapaywyiown oto (1,6) pe f(1)=f(6).

i.  Na dei€ete 611 UTApXel TOUAAXIOTOV éva X, € (1,6) TETOL0, WOTE N YPAPIKA

mapdotacn g cuvaptnong f va €xel 6To onpeio
A(Xy, T (%)) opiévtia epamtopévn.

ii.  Na Ogi§ete oL umdpxouv &, &, €(1,6) pe & # &, TéT0l0, WOTE

£(&)+4t(&)=0.

Auon
i.  AgouU n ocuvaptnon f eivat cuvexig oto [1,6] Kal Tapaywyioiyn oto (1,6)

kat emiong f (1) =f (6), (KavoTtolouvtal ot TPoUToBECELG TOU BEwPNHATOG
Rolle, dpa:

UTTapXel TOUAGXICTOV €va X, €(1,6) Tétolo, wote f'(X,)=0.
Emopévwg oto onpeio A(xo, f (XO)) n C, €xeLopllOvVTia EQATITOHEVN.

ii. Oa epappocoupe To Bswpnpa PEong TIPNG yia Tn cuvdaptnon f ota
Sactipata [1,2] kat [2,6].

2x6M0: H emioyn twv Slactnudtwy [1,2] kai [2,6] éyive, £Tol wote ta prkn Toug

va givat avaroya twv ouvteAsotwy tng oxéong f'(&)+4f'(&,)=0, dnAadn Toug

aplBpoug 1 kat 4.

e nfeivat ouvexrig oto [1,2] kat mapaywyiown oto (1,2), dpa umdpxel

TOUAAXIOTOV €va & € (1, 2) TETOLO, WOTE
f(2)-f(1
f'(fl):%:f(Z)—f(l). 1)

opoiwg n f eival cuvexng oto [2,6] kat mapaywyioiun oto (2,6),

dpa uTapxel TOUAAXIOTOV €va &, € (2,4) TETOLO, WOTE
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fr(§2)= f(6§:;(2)= f(6);f(2)_ 2)

Omote amod tig (1) kat (2) Exoups:

£(&6)+41(&) = T (2)- 1 (1)+4-M: £ (6)—f (1) =0.

Apa amodsiXTnKe.



Aoknon 24

Aivetat n ouvaptnon f (x)=x* —nux.

Auon

Na Ociete ot n f eival kupth oto R.
, , , , T . .
Na Oei&ete OTL UTTAPXEL HOVAOLKO X, € (O,—] TETOLO, WOTE f'(xo) =0.
2

Na peAetnoete tnv f wg mpog tn povotovia.

To medio oplopou tng f eivat o R .

‘Exoupe
f'(x)=2x—ovvx
Kal
f7(x)=2+nux.
loxuel

“1<nux<1le 2-1<2+qux<2+1<
1<2+nux<3<1< f7(x)<3,

dpa f"(x)>0, ywa kdbe x e R, To omoio cuvemayetat 6ti n f eivat kupth

oo R.

‘Exoupe

f’(0)=—00v0=—1<0,

f' z :2-1—O'UV£:7Z>O
2 2 2

Kat emedn n ouvaptnon f' sivat ouvexng oto [O,E}, ETIETAL ATIO TO
Bewpnpa Bolzano oTt UTTAPXEL TOUAAXIOTOV £va X, € (OEJ TETOLO, WOTE

f'(x)=0.
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'Opwg 6mwg dei€ape oto mponyolpevo epwtnua, f"(x)>0, ya kabe xR

,apan f' eival yvnoiwg av€ouca oto R, mou onpaivel 6Tl umrapxet

HOVaOIKO X, € (O%) tétolo, wote f'(x,)=0.

H f’ eival yvnoiwg abfouca oto R kat umdpxet povadikoé X, € (0%)
tétolo, wote f'(x,)=0, omdre:

yia x <X, < f'(x)< f'(%)=0 kai

yia x> X, < f'(x)> f'(x,)=0.

Apa n f ivat yvnoiwg @Bivousa oto (—oo, xo] Kdl yvnoiwg aufouoa oto

[Xg,+0).
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Aoknon 25

Aivetat duo popig mapaywyiown cuvaptnon f:R — R, ywa tnv omoia toxvouv:
f(2)=5, f(1)=3 kat f(x)<2x+1 yakdbe xeR.

Na eigete 6T1 uapxel TouAdxioTov éva & e(1,2) tétolo, wote f”(£)=0.

AUon

Agou n f eival duo popig mapaywyiolhn oto R, onpaivel 6Tt gival cuvexng Kat
mapaywyiown oto R .

Exoupe f(Xx)<2x+1< f(x)-2x-1<0, omdte av Bécoupe
g(x) = f (x)—2x—1, Téte N oUVAPTNON g Eival ETMONG CUVEXAG Kal TAPAYWYioIHN
ouvdptnon oto R, w¢ dBpoloa cuvexwy Kal TApAywYiCIHWY CUVAPTACEWY.

Emiong g(x)<0 via kabe xR kaiemedh g(2)=f(2)-4-1=0 kat

g(1)=f(1)-2-1=0, émetat 611 n g Mapoucialel Tomko eAAxioTo To 0 oTa onpia
x=1kat x=2.

"Etol cUp@wva pe to Bswpnpa Fermat Ba toxuvet:

9'(1)=f'(1)-2=0< f'(1)=2 kat

9'(2)=1'(2)-2=0< f'(2)=2.

Téog emeidi n ' eivat ouvexrg oto [1,2] kat mapaywyioiyn oto (1,2) Kat

f'(1)=f'(2), epappdletat To Bewpnpa Rolle yua v ' oto [1,2] kat pag Sivel

0Tl uTTdpxel TouAdxioTov éva & e(1,2) tétolo, wote f”(£)=0.

74



OEMA A

Aoknon 1

‘Eotw f pa mapaywyioiun cuvdptnon oto R yua tnv omoia 1oxUeL: f’(x) <x? yua

Kabe X € R . Na oci€ete ot

1.

Auon

n g(x)=3f(x)-x° eivat yvnoiwg pbivouca oto R
f(2)-f(1)<3

umdpxel TouAdxiotov éva & e(1,2) térowo wote f'(&)<3.

H ouvaptnon g sivat mapaywyiolyn (apa kat cuvexng) oto R wg dBpotopa
Tapaywyiolwy cuvaptnoswy, OTOTE Yid VA TN HEAETAOOUHE WG TIPOG TN
HovoTovia apkei va BpoUpe to mpdonpo tng g’ . loxuel

g'(x)=3f"(x)-3x* :B[f'(x)—x2]<0
apa n g ivat yvnoiwg @bivouca oto R .

H cuvaptnon g sivat yvnoiwg @bivouca oto R, omote

9(2)<g(1) = 3f(2)-8<3f (1)1 f (2)- f (1)<§<3.

H ouvdptnon f sival mapaywyiolpyn oto R emopévwg Kat cuvexng, apa
1oxUouv ot TpoiimoBécelg Tou Bewpnpatog péong Tipng oto [1,2], agou

i.  nfeival ouvexrig oto [1,2]

ii. nfelval mapaywyioun oto (1,2) ,

oToTE UTIAPXEL ToUAAxioTov €va & €(1,2) Tétolo wote

(o= BT ¢ 5 1 g)<s.

2-1
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Aoknon 2

Na PEAETAOETE WG PO TN HOVOTOVia Ta akpOTATa Kal va Bpeite to oUvoAo
TIHWV TNG ouvaptnong g(x)=x—Inx.

Na Bpeite T acupmtwteg tng f(X) = eInx.

Na peAetioete tnv f wg mpog tn povotovia Kal va Bpeite To GUVOAO TIHWY
ng.

To medio oplopou TG g €ival to (O,+oo) Kdl €lval GUVEXNG GE auToO.

, 1 x-1 . , , ,
Eivat g'(x) =1-—=——_ Ondte €XOUE TOV EMOUEVO TivVaKa TPOCNHOU Yid
X X

mv g’

X0 1 +00

g'(x) - +

T0 omoio onpaivel 6t n g givat yvnoiwg @bivouca oto (0,1] kat yvnoiwg
av€ouca oto [1,+x),

dpa mapouctalel ohiké eAdxioto oto X =1, o omoio eivat to g(1)=1, dpa

g(x)>1 yua kde x>0.
Ma to ocuvolo TiHwy Bpiokoupe ta £€AG Opla:

lim g (x)=lim (x—In x) =+ kat

x—0" x—0*

lim g(x)= lim (x—Inx)= lim x(l—ln—xj:wo,

X—>+00 X—>+0 X—>+00 X

apou lim X =+o0 Kkat

X—>+0

(2) |nX'
lim (1—'”—"]:1— i i %) il

X—>+00 X X—>+0 X X—>00 (X)' X—0 ¥
AT Ta mponyoupeva £MeTal 0Tt To 6UVOAO TIHWY givat To [1,+©) .
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2IXOAl0: PTTopoUpE va Amavtnooupe Bpiokovtag Kat To £va amo ta 6Uo opla

To medio oplopou tng f eivat to (0,+x).

Oswpoupe To 6pto lim f (x)= lim (e%-ln x) = —o0, apou

x—0* x—0"

x|

y=
. - 1 .
liminx=-oo kat limex = lime’ =+x.

x—>0" x—>0" y—>+0

Apa n ypa@ikn mapdaoctacn tng f €xel Katakdpugn acUPTTwTn TNV €ubcia
x=0.

MAGYIEC ACUUTITWTEG:

OewpoUpE TO Oplo

1
. f(x . exInx .. 1lnx
|Im£:|Im—:|lme*-—:0

n
x40 X x40 X X—>+00 X

o '
. Inx ) (Inx) 1
apovu lim — = lim—~*=Ilim ==0 kat
X400 X X—>+00 (X)’ X+ X
TS I
lime* = lime’ =1,
X—>+00 y—0

6pwe lim [f (x)—O-sz lim e*-In X = 40,

X—>+00 X—>+00

y . 1 -
agpou lime* =1 kat lim InX=+o0.

Apa n ypa@kn mapdaoctaocn tng f dev €xel MAQyld AGUPTITWTN OTO +00 .

H mapdywyog tng f i1ooutat pe:

Kal amd 1o EpWTNMaA i) Emetat ot f'(x) >0 yia ke x €(0,+x), dpan f

glval yvnoiwg avgouoa oto (0,+oo).

210 ii) Bprikape emiong ot lim f (x)=—o0 kat lim f (x)= lim e-Inx =+,

x—0" X—>+00 X—>+00

apa to ouvoAo TiHwy tng f eivat o R..



Aoknon 3

1. Na o¢si€ete ot

1 .
Inx+=>1 yia kabe x>0.
X

. . 2 1, L .
2. Na dsiéete ot n g (X) =1In X+——— €xel povadikn pi{a oto dlactnua
X X
(1,1j -
e

3. Na peAetnoete tn ouvaptnon f (x) =e*-In X wg mPOg TN povoTovia Kal td

akpotata Kat va Bpeite To cUVOAO TIHWY TNG.

4. Na PEAETNOETE WG TTPOG TNV KUPTOTNTA KAl va Bpeite ta onpeia Kapmig g
ouvaptnong f Tou MponyoUpEVOU EPWTAHATOG.

Auon

, , 1
1. @ewpoupe ™ ouvdptnon h(x)=Inx+=-1 x> 0. Exoupe

X
, 1 1 x-1 , , . ,
h (X) =———5 =——, OTOTE OXNUATI(OUPE TOV MAPAKATW TVAKA
X X X
HETABOAWV:
x|0 1 +00
h'(x) - +

Tuvenwg n h givat yvnoiwg @bivouoa oto (0,1] kat yvnoiwg at€ouca oto
[1,+0) , apa éxel 0AkO eAaxioto 1o 0 yia X =1, dnAadn toxuveL:
1 , , .
h(x)>h(1) < Inx+=-1>0 dpa anodeixtnke 6t
X
1 .
Inx+=>1 ywa kabe x>0.
X
2 1 . 1 . .
2. Hg (X) =InX+—-— eivat ouvexig oto | —,1| wg GBpoloHa GUVEXWV
X X e

GUVGpTr']Gva Kdat
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. g(lj:InLrZe—e2 =—1+2e—¢? :—(1—e)2 <0,
e e

e g(1)=1>0.

Apa oUppwva pe To Bswpnpa Bolzano umdpxel TouAdxiotov pia pida X, tng

2
g oTo (llj Emiong g’(x):1—£+£:ﬂ>0, agou X>0 kat
e X

x* X3 x3

X2 —2x+2>0 ya kGBe xe R emedn éxel Sakpivouoa A=-4<0.

Emopévwg n g givat yvnoiwg au€ouca oto (0,+oo), TO OToio cuvemayetatl Ot

n mponyouyevn pila sival gyovadikn.

3. 'Exoupe

' 1 1
£/ —(e*.] — " T _el =
(x) (e nx) e inxret ~e (nx+xj

Kal amd to epdtnpa 1 émetat 6t f'(x)>0, ouvemwg n cuvexig cuvaptnon f

glval yvnoiwg avgouoa oto (O,+oo). Emeion n f eivat yvnoiwg avouoa oe

avolxtd Olactnpa, EmeTal Ott Oev €XEL AKPOTATA.

Ma to ouvoAo TIHwyv Bpiokoupe Ta opla:

lim (eX-lnx)z—oo, apou lime*=1>0 kat lim Inx = -

x—0" x—0" x—0"

lim (e*-In x)=+oo, apou lim e* =+ kat lim InX = +oo .

X—>+00 X—>+00 X—>+00
Omote 1o ouvoAo Tipwy tng f eivat o R

4. Bpiokoupe tn 0gUTEPN Mapdaywyo tng f:

, x Y S |
f"(x)=|e"Inx+e*=| =e*Inx+e*-=+e"=—e" 5=
X X X X
2 1
e Inx+———|=¢e"g(x
( 9 ij 9(x)

5. AmO 1o €pwINUa 2 n g £xeL pua pida X, € (llj Kal givat yvnoiwg avgouca
e

o010 (0,+), omorte:

yia X <X, = g(X)<g(%)=0 katywa x>x, = g(x)>g(%)=0 kat €tol
EXOUHE TOV TTAPAKATW Tivaka PeTaBoAwv
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x|0 X, +o0

fr(x)| - +

Ano6 ta mponyoupeva n f eivat koiAn oto (0, X,] kat kupti oto [X,,+0) Kat

10 onueio (XO, f (XO)) elval onpeio kapmg tng C, , apou ag’ evog aAAadel n
KUPTOTNTA Kal ag’ eTépou oto onyeio auto n f eivatl mapaywyiown dpa
uTdpxel epamtopévn tng C, .
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Aoknon 4
Av yia tn ouvdptnon f toxuouv:

f oplopévn Kat mapaywyiotun oto [—%%) pe f (O) =2 Kal

f'(x)ovvx = f (X)(nux+ovvx) ywa kabe x e(—%,%j,

TOTE va Bpeite Tov TUTO TNC.

Auon
loxUel

f'(x)ovvx = f (x)(nux+ovvx) <

f'(x)ovvx—f (x)nux=f (x)ovvx <

f'(x)ovvx+ f (X)-(o-uvx)' = f (X)ovvx < ( f (X)'O'UVX)’ = f (x)ovvX,

oTOTE CUH@PWVA HE YVWOTNH £@appoyn tou BiBAiou ogAida 252, umdpxel pla otabepda
C T€TOld, WOTE

f (x)ovvx=ce*.
Emiong f (0) =2, onote éxoupe: f (0)ovv0=ce’ < c=2.

2-e*

Apa f(x)= o
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Aoknon 5

Aivetal n ouvdptnon f (x) =

Auon

AX

1,x>—1 kat A >0.

Na Ocifete OTL N f éxel €va eAAxXIOTO.

Na Bpeite ywa mola tiun Tou A 1o TPonyoUHEVO EAAXIOTO TIAIPVEL TN HEYLOTN
TIPN ToU.

Oa peAetnooupe TNV f WG MPOg TN povotovia.

ax Y AX _ _
f'(x)= ¢ _€ (1X+ﬂ; ) Kal f’(X)=0<:>X=u>—1,0ITC')T£
X+1 (x+1) A

OXNUATi{OUYE TOV TAPAKATW TVAKA TPOCNHOU

X|-1 L +o0

Pl - c} +

. , , , . 1-2 ,
apa n f eivat yvnolwg ¢Bivouca oto dlactnua —1,7 Kdl yvnolwg

. . 1-2 . . L s
auéouoa oto dlactnua T,-‘rOO , EMOPEVWG TTapouctalel OALKO EAAXIOTO

0T0 X, =——, 10 omoio givat to f (— =€,
A A
Eotw g(A)=A€"" pe A>0. Oa ueAETAGOUNE TN g WG TPOG TN HovoTovid.

9'(4)= (ﬂp-eH )’ =e'* —2e"" =e"-(1-1) n omoia éxet pia to A =1 kat

yla To mpAoNpO TNG LOXUEL

A0 1 +a0

gm|  + c} -

Apa n g eivat yvnoiwg at€ouca oto dlactnua (0,1] Kal yvnolwg @Bivouca

oto dldotnua [1, +oo) , EMOPEVWCS TTapouctalel oAlko péyloto oto A =1.
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Aoknon 6 (KTog e€eTacteag UANG)
Aivetal o pyadikog z =e* +(1+ xe* )l xeR.
i.  Nadei€ete 6t1: Re(z)<Im(z).

ii. NaBpeite ta X e R ywa ta omoia n €lkova tou z Bpioketal mavw otny €ubeia

y=X.

iii.  Na BpeiTe T0 GUVOAO TWV TGV TIoU MOPEi va TApeL To |2 —Z] .

i. loxuoel
Re(z)<Im(z) < e* <1+ xe* < 1+xe —e* >0.
Oétoupe f(X)=1+xe* —e* kai éxoupe

!

f ’(x) = (1+ xe* —ex) = Xe* Kkal oxnuati{oups Tov Mapakatw mivaka

X| -0 0 +00

x| - +

Apa n f ival yvnoiwg @bivouca oto (—oo, 0] Kal yvnoiwg avfouca oto
[0,+oo) , OTIOTE £XEl OALKO gAdxioto oto X =0, onAadn

f(x)>f(0)=0<1+xe*—e*>0.

ii. lox0et Re(z)=1Im(z)< f(x)=0 kain teAeutaia woxvet yia t 6éon tou

geAdxiotou, OnAadn yua x=0.

i Eivac |z2-7]=2[1+xe”

OswpoUpe T cuvdptnon g(x)=1+xe*, oplopévn Kal mapaywyion oto R

Oa Bpoupe 10 GUVOAO TIHWY TNG:

g'(x)=xe* +e* =e*(x+1) kat éxoupe
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X| -o0 -1 +00

g - c} +

Apa n g givat yvnoiwg @bivouca oto (—oo,—l] Kdl yvnoiwg aufouoa oto

[—1, +oo) , OTTOTE £XEL OALKO €AAxioto oto X =-—1, dnAadn

g(x)2g(—1):eT_1>0.

Emiong Xlirpwg(x): Xlirpw(1+ xex):1+xlirpw(xeX):1, apou
Xllmw(xex)=xllmwe%(+=wj lim (X—),= lim =0

X—>—0 (efx) x——0 —@~ %
kat lim g (X) = lim (1+ xe") = +00, Apa TO GUVOAO TIHWY TNG g €ival To
X—>+00 X—>+00
e-1
—= 400 |.
e

Emopévag |2 -7 e [ZeT_l,+ooj .
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Aoknon 7

1.

2.

Auon

1.

Na AUoete tnv e€iowon 3* +2* =5,

Aivetat n mapaywyiown cuvdptnon f:R —R pe f'(x)=-2f(x) ywa kdbe
xeR.

Na Sei€ete ot n ouvaptnon g(x)=e*-f (x) eivat otabepr oto R.
Na Bpeite Tov tumo ¢ fav f(0)=1.

Av h,p mapaywyiolpeg ouvaptioeig oto R, pe
h'(x)+2h(x)=¢'(x)+2¢(x) yakdbe xR

kat h(0)=¢(0), tote va Seiete ot h=10p.

‘Exoupe 3" +2* =5" < (%) +(§j -1=0 (2).

Mwa mpogavng AUon tng mponyoupevng e€icwong eivat n X =1. Oa deifoupe
OTL €ivat povadikn.

, , 3)" (2Y o ,
Oewpoupe t ocuvaptnon f(x)= E + g —1, n omoia €lval GUVEXNG Kal
nmapaywyiowun oto R.

loxuet:

f'(x):(EJ -In§+(zj -Ing<0,
5 5 \5 5

agpou §<1<:>In§<ln1:0 Kat g<1<:>Ing<ln1:0.
5 5 5 5

Apa n ouvdptnon f sivat yvnoiwg @bivouca oto R, omdte n x=1 eivat
povadikn pila tng f, apa kat povadikn pila tng e€iocwong (1).

i. H g eivat ouvexng oto R wg oUvBeon Kal yIVOUEVO GUVEXWY GUVAPTHOEWY.

‘EXoupe
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g'(x)=(e™f (x))' =26 (x)+e”f'(x)=2e"f (x)-2e"f (x)=0 yia
Kabs xeR
Apa n g eivat otabepn oto R.

ii. Ao TO TPONYOUHEVO EPWTNHA, EXOUUE OTL:

umdpxel €€ R Tétolo, wote g(x)=c ywa kdbe xR, dpa

e”-f(x)=ce f(x)=ce™.

Mna x=0 maipvouype:

f(0)=ce’ <c=1.

Apa f(x)=e™.

iii. loxvet

h'(x)+2h(x)=¢'(X)+20(x) < (h(X)—gp(X))' =-2(h(x)-¢(x)) yia kae
xeR,

omdte amd To i) EPWTNHA EMETAL OTL:

h(x)—@(x)=c-e™, katyla x=0 maipvoupe

Apa h=g¢.
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Aoknon 8
Aivetal n ouvaptnon f(x) = (x2 +4x+3)-ex.

i.  Na peletioete v f wg MPOG TN povotovia Kat Ta akpoTata Kat va
amodei€eTe OTL £XEL £va OAIKO aKpOTATO.

ii.  Na peAetioete Ty f WG MPOC TNV KUPTOTNTA KAl va Bpeite ta onpeia
kapmng tng C, , av umapxouv.

iii.  Na Bpeite t1g actupmtwreg tng C, .

iv.  Na Bpeite v e§icwon tng epamntopevng Tng C, oTO oNpEio A(O, f (0))

v. Na amodeifete tnVv avicotnta:

(x2+4x+3)-eX >7x+3 yid KGBe X > —4++/3.

Auon
H ouvaptnon f(x)= (x2 + 4x+3)-eX éxel medio oplopol 10 R

i. Napaywyiloupe v f,
f'(x)=(2x+4)-¢" +(x2 +4x+3)-" =(X* +6x+7)-¢".

‘Exoupe f’(x):0<:>(x2 +6x+7)-eX =0 x=-3++/2, emiong

x2+4x+3[ifz) 2X + [_::j

lim f(x)= lim (x* +4x+3)e* = lim = Jim =
M: lim 2. lim 2e” =0 kat

lim ; —
X—>—00 _ X—>—0 X—>—00
(=) F

lim f(x)=lim (x2 +4x+3)-eX = (+0) - (+00) = +00,

X—>+00 X—>400

omdte oxnuati(oupe Tov TApaKAtw mivaka
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X[-0  3-2 3442 @

|+ é[) ] # R
(| N T

‘Etou n f eivat yvnoiwg av§ouca ota diacthpata (—OO,—3—\/§:| Kat

[—3+\/§,+OO), yvnoiwg @bivouca cto [—3—\/5,—3+\/§:| KAl CUVEXNG

oto R, omdte oto —3-2 TTapouctAlel TOTIKO HEYLIOTO KAl OTO —3++/2

TOTKO EAAXLOTO.

Emiong

((o-a-2])-(o (-2
f([-3-v2.-3++2])=| f(-3++2), f(-3-12) | kat
f([—3+J§,+oo))=[f(—3+J§),+oo).

To f(—3+\/§) gival oAk EAAXIGTO YiaT f(—3+ﬁ)<o.
Mpdypatt To Tpwovupo g (X)=X* +4x+3 éxet pieg Toug apiBpols

-3 kat -1 kat —3<—3+\/§<—1, apa g(—3+\/§)<0 ylati avapeoa

OTIG PIfEC TO TPLWVUHO Eival apvnTIKO, KAl KATA CUVETELA KAl

f(—3+\/§)<0.

Emelon to oclvoAo tipgwy tng f givat to ouvoAo [f (—3+\/§),+oo) givat

@avepo otL n f Oev €xel OAIKO PEYLOTO.
f"(x)=(2x+6)-e" +(x2 +6x+7)-eX = (x2 +8x+13)-eX Kal

f"(x)=0< (X" +8x+13)-e* =0 x=—-4%+3.

‘Etol £xoupe ToV Mapakdtw Tivaka TPocnHou

X | -0 _4_.\/5 _44_\/5 +a0

x|+ c% i c% +
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Apa n f eival Kupt ota dlactpata (—oo,—4—\/§} Kat [—4+\/§,+oo)

Kdl KoiAn oto dldotnua |:—4—\/§,—4+\/§:| .

Emeldn emiong n f eivat mapaywyiolpn o 6Ao to R, mou onpaivet ot
EXEL EQPATITOPEVN O KABE oNUEio TNG YPAPIKAG TNG Tapdotacng, EMETal

otn C, €xet duo onpeia Kapmng ta A(—4—\/§, f (—4—\/5)) Kat

B(—4+\/§, f (—4+\@)).

Zto epiytnia ii) Bprikape ot lim f(x)=0, dpa n f éxet opovuia
acUPTTWTN 010 —o TNV gubeia y=0.
Emiong

f(x) (x2 +4x+3)-eX [EJ ((X2 +4X+3)-ex)' (gj

lim ——<=lim = lim =

X—>+0 X X—>+0 X X—>+00 (X)!

lim (x2 +6X+ 7)-eX =+o0, apa n f dev €xel oUte mMAQyla oute opl{ovtia

X—>+00
aocUPTTWTN 010 +oo Kat emeldn n f ival ouvexng oto R Ogv €xel emiong
KATAKOPUPES ACUUTITWTEG.

f/(x)=(x*+6x+7)e* = f'(0)=7 kat f(0)=3.

Ométe n e§iowon g epantopévng g C, oto onpgio A(0, f (0)) eiva:
y—-3=7(x-0) 1
g:y=Tx+3.

H cuvaptnon f eivat kuptn oto [—4+\/§,+oo) kat O e [—4+\/§,+oo),
omdte oto didotnpa autd n C, eival «mavw» amo TNV EQATTOHEVN OTO

A(O, f (O)), dpa

(x2 +4x+3)-eX >7x+3 yla KaBe X > —4++/3.
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Aoknon 9
Aivetat ouvdptnon f (x)=e*—In(x+1)-1.
i.  Na peAetioste TNV f w¢ TPOC T povoTovia Kal Ta akpotatd.

ii.  Na Bpeite To cUVOAO TIHWV TNG.
iii.  NaAuoete v egiowon f (x)=0.

iv.  Avyla toug apiBpols a,feR pe 2a+ >0 kat a+2L-1>0, 1oxvet:
e —In(2a+ p)+e P —In(a+2p-1)<2

va utoAoyioete Toug a, 3 .

Auon
H ouvaptnon f éxet medio oplopou to Sidotnpa (-1, +oo).

i. 'Exoupe

R
f'(x)=e X+1KC[[

1 .
(x+1)2

fr(x)=e*+
Emeidn f”(x)>0 ywa kdBe x> -1, émetal 6t n ouvaptnon f' eival
yvnoiwg atgouca oto didotnpa (—1,+w).

Emiong f'(0)=0, dpa

fryv.avé.

via -1<x<0 < f'(x)<f'(0)=0 kat

f'yv.adé.

ya x>0 < f'(x)>f'(0)=0.

EmmAéov f (O) =0 Kal £T0L €XOUHE TOV TTAPAKATW TivaKa
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x| -1 0 400

)| - (# +
f(x) \ 0 /

Apa n f gival yvnoiwg @bivousa oto (-1,0] kat yvnoiwg aigouca oto

[0,+oo) , OTOTE Mapouctdletl oAlko eAdxioto oto X=0 10 f (0) =0.

‘Exoupe

lim (x)= lim [&* ~In(x+1)-1] =+, apoy

x—-1" x—-1"

i u=x+1 . . 1
lim In(x+1) = limIn(u)=-o0 kau lim [ex—l]:g—l.

x—-1" u—0* x—-1"

Apa 1o cUvoAo TiHwy e f gival to [0, +oo) i

H e€iowon f (x) =0 €xel oto medio oplopoU TG (—1, +oo), povadikn Auon

v x=0, apou

fyv.poi.

via x<0 < f(x)>f(0)=0 kat

fyv.adé.

via x>0 < f(x)>f(0)=0.
H doopévn oxéon yiveral .looduvapa
e oIn(2a+ p)+e” ¥ P —In(a+2p-1)<2 <
e _In(Ra+ f-1)+1) -1+e“ P2 —In((a+2-2)+1)-1<0 =
f(2a+pB-1)+f(a+28-2)<0 (1)
ATO TNV TeEAsUTAla OXEoN £METAL OTL
f(2a+p-1)=f(a+28-2)=0, )

yiati av unoBécoupe dtum.x. f(2a+f—1)=0 tote, emedn f(x)>0 ya
KGBe x>-1, Ba mpémet f (2a+ f—-1)>0 kain (1) pag Sivel
f(a+2B-2)<—f(2a+p-1)<0 dnhadi f(a+28-2)<0, T0 omoio
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givat dromo. Emopévwg f (Za +ﬁ—1) =0 omote amo v (1) kat

f(a+28-2)=0.

Amé Tnv (2) Kal amod To EpwTNa iii) EXoups OTL

{2a+ﬂ—1=0 {a=0
R i
a+2p-2=0 p=1
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Aoknon 10
Aivetat n ouvaptnon f(x)= X7, x>0
i.  Na peAetioete v f wg mPog T povotovia Kal Ta akpdtartd.
ii.  Na oOtiete ot
46 <45 <43
Adon
Aivetat n ouvaptnon f (x)= X%, x>0.

i. Bpiokoupe mpwta tnv mapdywyo tng f.

1 % In x , In X ’ I3
Av y = x> :(e'”x)2 =e> kal Beooupe U :2—, T0te Yy =¢". Emopévwg,
X

Exoupe f'(Xx)=0< Inx=1< x=e,
kat f'(x)>0< Inx<le x<e.

Ondte oxnpatioupe tov mivaka

x|0 c +a0

f'(x) + #) -
f(x) / f(e) \

H ouvdptnon f eival yvnoiwg av€ouca oto didotnua (O,e] Kal yvnolwg

pbivouca oTo [e,+0) Kal EMEWSN £ival CUVEXAG OTO e,
éxel 0N B€on auth oMo péyioto To f (e)
ii. Hfelval yvnoiwg @bBivouca oto didotnua [e,+oo), OTOTE IOXUEL:
e<3<5<6< f(3)>f(5)> f(6)=3 >5/>6% <

Y6 <5< 93
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Aoknon 11

Aivetal n ouvdptnon f(x):(x2+1)-lnx, x>0.
. , , 1 .
i. Naosifete ott 2X-Inx+=>0 yia kabe x>0.
X

ii.  Na peAetioete v f wg TN povotovia Kat va Aucete tyv e€iowon f (x) =0.

iii.  Na Oei&ete OTL UTAPXEL HOVAOIKO X, €| —,1 | TETOLO, WOTE TO ONYEIO
e

A(Xy T (X)) va givat onpeio kapmig g C; .

iv.  Na Bpeite Tig acUpmtwteg g C, .

1 x>0
i. Exoupe 2x-Inx+=>0<=2x%Inx+1>0,
X

ondte BewpoUpe T ouvaptnon g(x)=2x*Inx+1, x>0.

H g eivat ouvexng kat mapaywyiotiun oto (O,+oo) Kal

9'(x) =4xInx+2x =2x(2In x+1)

KAl £XOULE

x>0 1 1 1
"X)=0= 2x(2Inx+1)=0<Inx=—-=< x=e? =—— Kal
x>0

g’(x)>0<:>2x-(2|nx+1)>0<:>|nx>—1<:>x>i

=

g’(x)<0<:>2x-(2|nx+1)<0glnx<—%<::>0<x<i

Je
, , , , , 1 ,
Apa n g givat yvnoiwg @bivouca oto Sldotnua (OT} Kdl yvnoiwg
e

. 1 . . .
av€ouca oto {—,4—00 , Kat emeldn €ival GUVEXNAG OTO X = mapouctadel

N

OTO ONPEIO AUTO OAIKO EAAXIOTO TO

1
Je
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1 e-1
g(-=)=—->0.
e e

N

Emopevwg g(x) > g(i) >0 ywa kdbe x>0, dpa amodeiape ot
e

N

2x:In x+£>0 yla kabe x>0.
X

"EXOUpE f’(x):[(x2+1)-ln x]l oxInX+ X+ = x+(2x|nx+%)>0, apou

X

1 , . .
x>0 kat 2x:InXx+=>0 amd to mMponyoUHEVO EpWTNHA.
X

Apa n ouvexng cuvdptnon f eivat yvnoiwg avgouca oto (0,+oo).

Emiong to x =1 eivat mpoaving Auon tng €icwong f (x) =0, n omoia Adyw
TNG povoToviag gival kat Jovadtkn.

Exoupe f"(x)= 2x|nx+x+i =2Inx+2+1—i=2lnx+3—i Kal
X X2 X2

f(a)(x):(ZInx+3—i2j =§+£3>0 yia KkGde x>0.
X X X

Agou 1O (x)>0 oto (0,+0), émeta 6T n cuvexig ouvdptnon f" eival

yvnoiwg atgouca oto (0,+0).

Emiong f"(lj =1-e?<0 kal f"(1)=2>0 katemedin " eivat ouvexig
e

1 , , , , ,
oto {—,1} , UTIApXel oUP@wva pe To Bewpnpa Bolzano £va touAdxiotov
e

e
givat povadiko.

1 I3 ’ ’ 7 14 "
X, € (—,1) tétolo, wote f"(x,)=0, To omoio Adyw Tng povotoviag g f

Emiong €éxoupe

f"yv.avé.
O<x<x, < f"(x)<f"(x)=0 kat

f"yv.adé.
x>x < f"(x)>f"(x)=0.
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Emedn n f” pndevidetal oto onpeio X, kat ekatépwbev aAAalel mpoonpa To

onpeio A(X,, f(x,)) givat onpeio kapmig g C; .

‘Exoupe

lim %z lim (X+%j-|nX=(+oo)-(+oo):+oo

apan C, Oev £xel oUte mMAAyla oUTe opl{ovTIa ACUPTITWTN OTO +o0 .

lim f (x) = lim (x* +1)-Inx =0,

x—0" x—0"

agou lim (x2 +1):1 kat limInx=—o0. Apan C, £xel Katakdpuen

x—0" x—0"

aovupmtwtn ty X=0.
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Aoknon 12
Aivetat n ouvaptnon f (x)=x+ In(x2 +1).

i.  Naoci€ete ot n f eival yvnoiwg av€ouoa oto R .

ii.  Na AUoegte tnv e€iowon: x—4 = Inl7—|n(x2 +1) )

x* +1
X +1

iii.  Na AUoete TNV aviowon: x°—x* >1In

Auon
To medio oplopou g f eivat o R .

i. ‘Exoupe

2x X2 +1+2x (x+1)2
f(x)=1 - - .
(x) +x2+1 x?+1 x?+1

Emedn f'(x)>0 oto (—o0,—1)U(—1,+0) kau n f givat cuvexig oto —1,

énetat ot n f ivat yvnoiwg avfouca oto R .
ii. loxuel

X—4= In17—ln(x2+1)© x+|n(x2 +1)=4+In(42 +1)c>

F(x)=f(4)

kat n f givat «1-1»> agou eival yvnoiwg avfouca, apa n TeAsutaia oxeon pag
Oivel:

X=4.
iii. 'EXoupe:

4

X +1
x*—x*>In=
X°+1

X=Xt > In(x4 +1)—In(x6 +l)<:>
X3 +In((x3)2 +1) > X2 +|n((x2)2 +1) =N

f(x3)> f(xz) fgé; x*>x* & x2(x=1) >0 x> 1.
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Aoknon 13

2 X

Aivetai n ouvaptnon f(x)=x*-e*.
i.  Na peAetrioete Ty f wg TPOC TNV KUPTOTNTA.

ii. Na amodeiete ot

f'(x+1)> f (x+1)— f(x) yua kaBe x> 0.

Auon
To medio oplopou g f eivat o R .
i. ‘Exoupe
f'(x)=2x-e"+x*-e*,
f"(x):2ex+2x-ex+2x-ex+x2-ex:(x2+4x+2)ex.
f”(x):0<:>x:—2i\/§.

Yxnuatifoupe Tov mivaka mpoonpou tg f” :

X[-0 2-42 2+42 Tt

fx)|  + #) i #) +

‘Etol oupmepaivoupe ot n f givat kupth ota (—oo,—Z—\/E} Kat

[—2+\/§,+oo) Kat KolAn oto [—2—\/5,—2+\/§]

ii.  Emedn —2++/2 <0, émeta 4t yia X >0 1oxUet [x,x+1]g[—2+\/§,+oo)
Kat agou f"(x)>0 oto (—2+\/§,+oo) émetal ot n ' elvat yvnoiwg

av€ouca [—2+\/§,+OO) , pa kat oto [X,x+1].

H f eival ouvexig oto [x, x+1] Kal mapaywyion oto (x,x+1), omote

gpappoletal to Bewpnua péong TUAG yua ty f oto [x, X +1] omote:

UTTAPXEL TOUAAxXIoToV éva & e (x, X +1) TETOLO, WOTE
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f(x+1)—f(x)

(&)= o (&)= f(x+1)-f(x).

X+1-X

‘ETol €XOUpE
f'(x+1)> f (x+1)—f (x) = f'(x+1)> f'(¢)

TO omoio LoxUEL, apa amodeixtnKe n {NnToUpEVN OXEan.

fryv.adé.
=

X+1>¢&,
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Aoknon 14

, . . 1 , 1
Aivetal cuvaptnon f cuvexig oto 5,3 KAl Tapaywyiotyn oto 5,3 VI3

f[l
2

=2 kat f(3)=12.

Na dcifete OTL UTTAPXEL TOUAAxIoToV eva & e (53 TETOLO, WOTE N

gpamntopevn tng C, oto A(f, f (5)) va givat mapdAAnAn otnv gubcia pe

e€lowon y=4x+2.

Na OeifeTe OTL UTTAPXEL TOUAAXIOTOV £vd y € 5,3 TETOLO, WOTE N

gpamntopévn tng C, oto B(;/, f (7/)) va digpxetat amé 1o O(0,0).

, . 1 , 1 ,
H cuvaptnon f cuvexng oto 5,3 Kal Tapaywylolyn oto 5,3 , OTIOTE

e@appoloupe To Bewpnpa PEONG TIAG KAl EXOUHE:

, , , 1 . .
UTIApXEL TOUAAxXLoToV éva & e (53 TETOLO, WOTE

Emopévwg n epamntopevn tng C, oto A(f, f (5)) EXEL OUVTEAEOTN
SievBuvong A = f'(£) =4, dpa eivat mapdMnAn otny eubeia pe e&iowon
y=4x+2.

H e@amrtopévn tng C, oto onyeio B(y, f (;/)) éxel e€iowon:

y=t(r)=t"(r)x=r)

Kal agoy diépxetal and to onueio O(0,0), mpémet
()=t H=r)et()=rt'(). (1)

@ewpoupe T cuvdptnon g(x)= @ , Xe [%3} )
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, , 1 , . ,
H g eivat ouvexng oto {53 , WG MNAIKO CUVEXWVY CUVAPTACEWY Kdl

Tapaywyiolyn oto (%3) , WG MNAIKO TapaywYIiCIHwY CUVAPTACEWY.

Emiong:
1) 2
—|=—=4 kat
g(zj :
12
3)=—=4
9(3)=7

apa g (%) =g (3) , TToU onpaivel otL epappoletal to Bewpnua Rolle yia tn g

1 , , , , 1 , ,
oTo 5,3 . 'ETol umapxel touAaxiotov eva y €| —,3 | TETOLO, WOTE

9'(7)=0e f'(my: R oot ()=r1(r).

, . . . . 1
Apa amodeixTnKe N (1), CUVETWG UTTAPXEL TOUAAXIOTOV €va ¥ € (—,3)

TETOL0, WOTE N £pamntopevn tng C, oto (7, f (7)) va OlEPXETAl Ao TO

0(0,0).
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Aoknon 15
1. Aivetat cuvaptnon f n omoia gival mapaywyiolyn Kat Kupth o€ éva dlactnua

A. Na d¢ei€ete ot

f(a)+f (ﬂ)zz-f(#j YW KaBe @, BeA.

2

, , 2—X
2. Aivetau n ouvaptnon f(x)= n
X+

, X>-=1.
i.  Na peAetioete v f w¢ mpog tnv KuptdTNTa.

. 1 1 , ,
ii. Av a>—,f>— va deiete ot
e e

2—In2a+2—ln2ﬂ>22—|n2(\/@)
Inae+1 Inpg+1 In(\/ﬁ)ﬂ

Auon

1. A@ou n f sivat mapaywyiown kat kupti oto dwdotnua A, apan f' sivat
yvnolwg aufouoca oto A.

e Av a =/, 101€ n oxéon

yivetat

TO OT0l0 LOXUEL.

e ‘'Eotw twpa otl a < f. Tdte €xoupe

f(a)+f(ﬂ)22-f(a;ﬂj©
f(ﬁ)-f[ﬂjzf[ﬂj—f(a) (1)

2 2
Emiong #—a :ﬂ—#:ﬂ%&> 0, omodte n (1) yiveta
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()

Epappoloupe to Bewpnpa péong TIUAG yia ty f ota dlactipata

{a1a+ﬂ} Kat {OHﬁ,,B}, OTIOTE:
2 2

, , , a+p) . .
UTTAPXEL TOUAAXIOTOV €va & € a,T TETOLlO, WOTE

f(a;ﬁj—f(a)
f'(&)= Kal

a+pf

UTTAPXEL TOUAAXIOTOV £va &, e[ : ﬂ} T£T010, WOTE

()

a+pf
=

f’(§2):

Etoun (2) vivetau f'(&,) > f'(&), o omoio tox0et apol f' yvnoiwg

avfouca kat &, > &, .
Emopévwg amodeixTnkKe.

e Opoiwg amodelkvUeTal Kat yua o > 3.

2

, . 2—-X
2. Aivetal n ouvaptnon f (x) =

, X>-=1.
X+1

loxuel

B s N el o G Y B
(x+1)2 (x+1)2

(—XZ—ZX—Z),(X+1)2—(—X2—2X—2)((X+1)2)’ 5

()= (x+l)4 =(x+l)3 -

Apa f"(x)>0 ywa kd®e x>-1, cuvenwg f kupti oto (—1,+w).
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1 1, ,
‘Exoupe o >—,f>—, apa Ina >-1 kat In #>-1. Emiong
e e

2—In2a+2—ln2ﬂ>22—|”2(\/ﬁ)
N+l Inpg+1 In(\/ﬁ)ﬂ

=

2
, , 5 Ina+Ing
2—(Ina) +2—(Inﬁ) S5 2
Ina+1 ng+1 — Ine+ing ,
2

Ina+|nﬂj
2

=

f(lna)+f(|nﬁ)22-f(

n omoia aviootTnTa IoXUEL, OTWE ATOOEIXTNKE OTO £pwWTNHA 1) yia tn

ouvdptnon f n omoia sivat Kuptr oto (—1, +oo) Kat yla toug Ina > -1

kat Ing>-1.

Huepounvia tpononoinong: 01/09/2015
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